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EQUIVALENCE PROBLEMS
IN DIFFERENTIAL GEOMETRY
EXTRINSIC AND INTRINSIC
AND
GEOMETRY OF DIFFERENTIAL EQUATIONS
LINEAR AND NON-LINEAR

TOHRU MORIMOTO

Cartan geometry is a trinity of group, geometry and differential equa-
tion created by the magic wand:

1
dw + 57(w,w) =0

After the efforts of many modern geometers we are revealing some
essence of the magic. In this talk I would like to present it as funda-
mental principles in differential geometry.

In geometry there is a distinction between the intrinsic and the ex-
trinsic. The former treats spaces, while the latter figures. In the smooth
(or analytic) category a space may be defined to be a manifold M (or
more generally a filtered manifold (M, f)) equipped with a geometric
structure o on (M, f). A figure may be understood to be a subspace of
a space, or rather a smooth map ¢: X — A from a space X to a space
A.

Two spaces X = (Mx,fx,0x) and Y = (My, fy,oy) are said to be
(intrinsically) equivalent or isomorphic if there exists a diffeomorphism
f: Mx — My satisfying f.fx = fy and f.ox = oy , where f, denotes
the associated map to f.

Two figures ¢: X — A and ¢: Y — B are said to be (extrinsically)
equivalent or isomorphic if there exist isomorphisms of spaces f: X —
Y and F: A — B such that F o p = 1 o f. Usually we assume that
the ambient spaces A and B coincide and equal to a homogeneous
space L/LY with a Lie group L and its closed subgroup L°. Then the
isomorphisms F': L/L° — L/L° should be understood to be the left
translations A, by a € L.

We may then say that intrinsic geometry studies those properties of
spaces X that are invariant under intrinsic equivalences, and extrin-
sic geometry those of figures ¢: X — L/L° invariant under extrinsic
equivalences.

In both geometries one of the fundamental problems is the so-called
equivalence problem, that is to find the criteria to determine whether
two spaces or two figures are equivalent or not, which leads to the
problem of finding a complete system of differential invariants of a
space or a figure arbitrary given.

For intrinsic geometry the equivalence problem may go back to the

birth of non-Euclidean geometry and was first posed in a general form
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by Lie and Klein as geometry of homogenous spaces (Erlangen pro-
gram). Around the beginning of the 20th century Cartan invented a
general method for the equivalence problem in the course of construct-
ing the theory of infinite groups (infinite dimensional Lie pseudo-groups
of transformations) It is based on the method of bundles of moving
frames and consisting of two key operations: prolongation and reduc-
tion, and gives a heuristic method for finding the invariants of a possi-
bly inhomogeneous structure arbitary given, in which groups still play
central role.

After the second world war Cartan’s heuristic method has been tried
to settle in modern mathematics by Ehresmann, Chern, Kuranishi,
Spence, Sternberg, Guillmim, Goldschmidt, Tanaka and younger math-
ematicians

For extrinsic geometry which has much longer history we know a
great amount of works done in various concrete problems. However,
the general theory does not seem to have been fully developed.

Recently, generalizing and integrating the prior works, we have de-
veloped unified theories on the equivalence problems both in extrinsic
geometry([2][3]) and in intrinsic geometry([4]).

In the first half of this talk I will discuss on the equivalence problems
according to [2][3][4].

In the last half of this talk I will discuss on geometry of differential
equations as important applications of the equivalence problems.

We first see that the category of the waited involutive systems of
linear differential equations is isomorphic to that of the extrinsic ge-
ometries in flag varieties ([2]), so that geometry of linear differential
equation reduces to the extrinsic geometries in flag varieties.

Next I will discuss geometry of non-linear differential equations of
finite type according to Tanaka [7].

Finally I will consider some related problems.
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Cartan and Tanaka meet Pontryagin:
from intrinsic geometry of distributions

to extrinsic geometry of curves in flag varieties and back

Igor Zelenko
Texas A&M University

My two talks will be devoted to the intrinsic geometry of subbundles of tangent
bundles, called distributions (also called differential system/Pfaffian systems and
defining filtered manifolds). My original motivation to study distributions came
from Control Theory, where they appear naturally as control systems linear in
control.

The main focus will be on the interplay between the Cartan equivalence method
or, more precisely, its algebraic version developed by Noboru Tanaka in seventies,
on one hand, and the ideas of Optimal Control Theory (around the Pontryagin
Mazimum Principle [6]) and symplectic geometry, on another hand. The prelimi-
nary knowledge of the Pontryagin Maximum Principle and the Tanaka prolonga-
tion theory is not required.

The Elie Cartan ideas of construction of canonical absolute parallelism for
geometric structures (commonly known as the Cartan equivalence method), inge-
niously applied by Cartan himself to many concrete nontrivial examples, led after
contributions of many geometers, to the theory of prolongations of G-structures
corresponding to the case when there is no additional filtration on tangent bundles
(Chern, Kobayashi, Sternberg and others). Further, Noboru Tanaka [7] made the
most natural generalization of the latter theory to structures on general filtered
manifolds.

I will start with a brief review of the Tanaka theory, based on [9], emphasizing
the role of the Tanaka symbol of a distribution at a point, which is a special graded
nilpotent algebra assigned to every point of the manifold, playing the role of the
linearization (of the nonholonomic tangent space) of the distribution at this point.

Then I will address the following natural question: Can one avoid the problem
of classification of Tanaka symbols, which is in general intractable, by replacing it
with a different, more rough invariant of distributions, which is easily classifiable
and have a discrete classification, and obtain in this way a unified construction of
the canonical structure absolute parallelism for all distribution with the fixed new
basic invariant?

I will explain how the ideas from Optimal Control Theory help to answer this
question for a very large class of distributions based on [2, 3, 4]. Optimal Control
Theory gives an entirely fresh insight on the equivalence problem of distributions,
which as far as I know was not known to classics as it allows to assign to each
distribution a special class of curve, called abnormal extremals, playing the same
role as geodesics in Riemannian Geometry.



In Riemannian Geometry the linearization of geodesics equation along the given
geodesic leads to a linear ordinary differential equation called the Jacobi equation.
Geometrically, linear ordinary differential equations can be identified with curves
in Grassmannians. In a similar way, to any abnormal extremal we can assign a
curve, called the Jacobi curve, in certain flag variety. This procedure allows us to
pass from the intrinsic geometry of distributions to extrinsic geometry of curves in
certain homogeneous spaces. In particular, for distribution of rank 2 one obtains
in this way self-dual curves in projective space, the extrinsic geometry of which
are classical (due to Wilczynski, [8])), while for distributions of higher rank we get
curves on more general flag varieties.

I will describe the Tanaka like theory for extrinsic geometry of curves in flag
varieties which was developed in [5] and later generalized to (filtered) submanifold
in flag varieties in [1]. In particular the analog of Tanaka symbol of a curve will
play the role of the mentioned new discretely classifiable basic invariant, called
the Jacobi symbol. In the last part of the talk I will describe how to return
from the extrinsic geometry of Jacobi curves to the original intrinsic geometry of
distributions by constructing the canonical absolute parallelism for distributions
with given Jacobi symbol based on [3, 4].
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APPLICATIONS OF CARTAN GEOMETRY TO PROBLEMS
ARISING FROM ALGEBRAIC GEOMETRY

JUN-MUK HWANG

I explain recent applications of Cartan geometry to some problems arising
from algebraic geometry, especially those related to minimal rational curves
on uniruled projective manifolds.

The starting point is a personal story of how I, a mathematician working
in complex/algebraic geometry, had come to discover the relevance of Cartan
geometry to an old problem in complex geometry, the problem of deforma-
tions of complex structures of complex Grassmannians, which originated
from the work of Kodaira and Spencer. In my joint work with Ngaiming
Mok, we used the theory of minimal rational curves to study such defor-
mations and it reduced the question to a problem in Cartan geometry. Via
this approach, we had managed to solve ([HM98], [HMO02], [HMO05] ) the
deformation problem of rational homogeneous spaces of Picard number 1,
by using some differential-geometric results in Cartan geometry, especially
those due to Ochiai [Oc70], Tanaka [Ta79] and Yamaguchi [Ya93].

This work naturally suggests a whole class of general Cartan equivalence
problems for geometric structures arising from minimal rational curves on
uniruled complex projective manifolds. I will explain these general equiva-
lence problems. To study these problems, we need approaches fusing differ-
ential geometry and algebraic geometry.

Among such geometric structures, those associated to quasi-homogeneous
projective manifolds are particularly accessible to differential-geometric meth
ods of Cartan geometry, in particular, Tanaka’s prolongation method ([Ta70])
and its generalization by Morimoto ([M093]). But even in these cases, only
a few cases have been worked out so far, including horospherical varieties
of Picard number 1 ([HL21], [HL24], [HK22]) and some symmetric varieties
([HL22]). A review some of these recent results will be given.
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