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Abstract

AR5 R % 4 > 72 Aumann #5E % £ 7 AL L, unawareness IC DWW Cikim 3 5. %
JE VIR BE 22 [ & 7 V1TV T, unawareness % isam 9 5 JCiTHIZE Tl 5T o % £ o 7- IR FE
ZRIOEAHEZREL T2 i d, FENZREEMPTEMRTH L LI RET L
ICOoWTIRELR . AiFld, REEROEGKELENMLT 2L Lic, RawmNT 7
0 —F EHEGERNT 7u — F 2 TR 2o 2 REZEM =T LT 5. Lol
R 5, KD ET VT T, unawareness A 1 DI & A EDOMWE 1ZEITHIZE & [FER
DIERZE N2 IF L D, Symmetry & non-trivial unawareness -2\ CIX[IAZ L 722> >
72, BIRDOHEE 2 5, AFEiE Revers Symmetry &\ 5 HEH %324 L, unawareness 7% non-
trivial TH 5 & & DMEF53551F 2% Reverse Symmetry 23T 52 L THDL T L ZRL,

ZDEBICOVWTERT .
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1 Introduction

FiFE ORI % K3 % unawareness (¥ Fagin and Halpern (1988) I & - THg
RINT. L2LAans, SEMIREZERE 7 vl > IZEEHER 72 Aumann
structure & 7 L IZ AW T (e.g., Aumann 1976), Hlik i B 123 Necessitation
(K(Q) = Q) % i 7z L, unawareness i & %% Plausibility (U(E) = =K(E) n
—K-K(E)), KU Introspection (KU(E) = @), AU Introspection (U(E) = UU(E)) %
iifi 723 7% © 1%, non-trivial unawareness (U(E) # @) ZET7 M LT3 2 L3 TE X
W (Dekel et al. 1998).

Z ORI % ik 3 5 729 1T unawareness Dk Tl 2D 7T 7 v —F 3R
A& 7. —DIF Heifetz et al. (2006), Li (2009) I X » TRE X 1L 7z
unawareness structure T 5. T DE 7 )L TlE, unawareness 1IHEE DK% (lack
of conception) ZEWHE T 25, b H—2oD 7 7 u—F ZIEHEIRIREZHEE T v
TdH % (e.g., Modica and Rustichini 1994, 1999; Geanakoplos 1989). Unawareness
structure 1 5 1F 2 REEZEMIZEMMRCTH 5 DITxt L €, BN RREZE =
7V COARBEZE NI TR Tl Zn . FRMERY 2 IRREZEM & unawareness % ff:
o TRREZEM D BEARR 7BV IERDO X S I > T 2. HiF I FHIN TS 2
—E Wiz 2 &, FREIIMZTHE—D I LT, HEEZ I TlEARWL. &

NEHLIREICOWTHETH 2 X ) REFEREFF > Twahrd Litkne



L RERT 5.

=i

Heifetz et al. (2006) & Li (2009) Tix, A\ K2 IREEZEM D £ AT
WChotz, LaLann, IREEMZNBERPTEMETH S X HETVIL
TR, ARRESRNT e —F L WRENT ZTa—-F525, 20X 5%
RREZE Z M52 L, 2% constructive state space & M5, kA4 DIRREZE[H] X
Heifetz et al. (2006), Li (2009) 23 &% L 72 IRAEZER] & [FfEIC 7 5 T\ B,

KA oT7 7o —Fiche, FENZERETIIAECH 2. ks, Hi
[ 72 {8 51~ T 1%, Heifetz et al. (2006) % Li (2009) DIRFEZERIITI T, ¢ ITi%
BT 2L REEZERTIILDBTEARAVALTHE. ZomEMEET 2

72010, A IHEE DL EERR (overloaded operator) ZEFE L 7 1T &

Y

T, A DEBRTIIEEOT Y 7 4 2o, Tk OIRREZER] L Heifetz et al.

G

(2008) IZIEWIF L E b, unawareness 1ZBE 3 5 Fk 4 D& LI E I D W T
SDbDEIFRL >TSS,

A4 DIREERNICHRWT, EED (FEBM) IREZER]IX constructive state
space DEBDEA Lm0 T 5. FIE DIREZERICE T 2 RO EKRIE, fho

R 2 IREEMICE T 2 KEBOTEIRE R U TldZnw. "dho, H2EMHEICS

! JE4E T, Fukuda (2020) 2% unawareness structure & JEZrEMRAEZEfH € 7 v
& il S LIREZEHE T A 2 IRE L T 5.
2 Unawareness DIfFE% —~_ 4 L7z DL L T, Schipper (2014, 2015) 23%

Tons.



W, HIETREEN TR 22d LABVDICHLT, BETREETN TR
Wb LA oTH L. IREDERIFZEDIREZERICEL TWEDhIc
KFT 2. /oT, HHIREOEKRITE 2 b NI IRAEEZEM IR 5 fho{RHE &
DRfEOHR TR LN,

ARE 1T constructive state space 1CF:D {  constructive Aumann structure D E 7
b AT v, 2 o dREEER L C o Rl RIS, MR EE 7,
awareness/unawareness {1 X EFRT L. TNOLOHEEFTDIZ LA OHH
ZOWTE, KATHIRTREINZDDLRAILTH 5.

L L7 s, EEREWZ &I1C Symmetry (U(E) = U(=E)) X non-trivial
unawareness & 37 L 7z V>, Symmetry [Z5E/THIZEICI T, £ OPEE D3 EEH &
N5 H (e.g., Heifetz et al 2006, 2013a; Li 2009; Fukuda 2020), % OPEHE %K E 3
57> (e.g., Modica and Rustichini 1994, 1999; Halpern 2001; Heifetz et al. 2008;
Sadzik 2021) D WIFhhrBE LN TWBIILL22boTTH 3. KL
Symmetry 2337 L 72 W4 H % Reverse Symmetru & .33, Reverse Symmetru
FZo0EEZRD. —2l, WA FERPEMTZ 2HFREZORNFR L
RILT7 7 —F2HVTEML T ALARWEEIZLTHE. b H—D
(ZERAHEHIRIC AR 1T % unawareness Digai iC S5 ITMETIE Vb Lk ne

5 Z & T» % . Modica and Rustichini (1994) ¥ Symmetry % K€ L,

|

S4+Symmetry=S5 ZFERH L 72. MERICER 4 (X, KfGD €T L DH T Reverse
Symmetry %7K L 7z D T, S4+Reverse Symmetry ICDOWTEEL 2 TlEab

ARy SR



X 5 IT, Awareness Leads to Knowledge %37 L 7& \». Galanis (2013) I
Awareness Leads to Knowledge % #2%< L, unawareness structure (CfS\WC Z O
HZGEA L 7z, xtiEicAfREclt, cotEowiodu&BfEZ R L. A D
T MR BIE L Galanis (2013) EFEETH S, L LA L, Hohi
BRI OD DL o7, T b DMK T %455 1%, unawareness structure &
constructive Aumann structure D3E W% GHFH L T\ 5.

Constructive Aumann structure (% Dekel et al. (1998), Chen et al. (2012) D F %
EHD—M Lz 2 LR TE 5. HMEkiEBE T & awareness/unawareness {8 5.
FOWL O DOWEIFLITMIET LR L TH DT, i DT VIIEERN
PRREZEREE 7 v & unawareness structure & DHEICHLET 5 L 52 5.

AFIE AT O X 5 ICHER X 11 5. Section 2 TlE Heifetz et al. (2006) & Li
(2009) ZNZ N DIRAEZEE] % € 7 V{5 . Section 3 Tl constructive state
space % & 7 AL L, Heifetz et al. (2006), Li (2009) DIRAEZER & L d 3 .
Section 4 T, constructive Aumann structure % & 7 LAt L, AIREMENTIG, H1E%
L7, awareness/unawareness {H A &% 3% L C, T DWEHICOWTiERT 5.

Section 5 TlZ, fma bR 3.

2 State Space in Previous Studies about Unawareness

AHiTlZ, Heifetz et al. (2006) & Li (2009) 2 EF L 72 RREZEEM % &1L+



%3

2.1 State Space in Heifetz et al. (2006)

¥ 3, Heifetzetal. (2006) 2342 L 72 REBZER 2 €7 b3 5. KAl i
HMS-state space & 3. S = {S)}iep ZAVICERIREEMOTMK L T 5.
< XS LoREMRETZ. TED 5,5€esS KRLT, §=8 13 “S ik S
EOIREINTH2” LIRS 5. cob &, REOHE RS S #F
5. $hbb, FED wesS LT, RH(w) €S DILT %. HMS-
state space 13 X = UjepS; L icd N 5. EHERYZIRRESRTIZ = CTil3ALl, S
FoFIRREZERTH 5. it > T, HMS-state space 134T D A\ T 55 70 R AE 2 ]

DEJETH B.

Example 1 S = {S{x,y} ,S{x} ,S{y} ,S{d,}} iﬁﬁb‘ 0:??ﬁqkﬁ§%?ﬂﬁ@%{%%fﬁ Z)
T D, Sy =Xy, xy,nxy, —x—y}, Spg ={x,-x}, Spy={,w} Sy =
{p} 32 PlZIE, x 1F x DETHLILEZERL, -x 1T x MBTH S

CEERERT . SO0 REBIREER Sp, S BHALNELE,

Stx, Stx, Six, Six, NI
RS (ey) = Ry (xmy) = x 720 R (axy) = Ry (mxy) =~ 49K Y

8 AFE1T unawareness structure 12\ Tl iR L 72 V>, Unawareness structure

I DWW T ikam L 72 8fTIF7E & L CUAT D b D 23%81F 5 11 5 . Heifetz et al. (2006,

2008, 2013a), Li (2009), Heinsalu (2012), Galanis (2013, 2018), Schipper (2014,
2015), Fukuda (2020), and Sadzik (2021).



VD, ZDEE, Sy DHRERMT LI ENTESERIT y T 2L
BTE RV, FERIT xy, xay KX LT, x LEFEL, —xy, —x—y WKL
T, —x &I 5. 2 OB TIL, HMS-state space 1T I = S5 U Sppy U
SpyU Sy TH Y, FERRREERIE § FOo&KER, $74DD Suyy Sw

Sty Sggy TH 2. Figure 1l 122 DHIZRL T3, =

S(m')

’ xy XAy Xy =Xy

Omitting y. Omitting x.
Stx)

X X

Omitting x. Omitting y.

Fig. 1: HMS-state space.

2.2 State Space in Li (2009)
ZZT Li BREL2REZEEZERLL, £ % Li-state space & AT

5. BMOES Q" L 2. qe Q" KT 2MEDEELE Ay ={ag~a,} &



RY. 2IC, AT T VERES [lgeerdq BIEBHIREERZ KT
QS Q ZHALNTE ¥, [[heody FEBIMREZEMAELT. Q=0 TH 5
251X, [lgeodq ={p} THZLTE. ZDL X, Hbp»Ic DD Rz 5RHE
22 A A € {[lge0dq|Q € Q') BAWVICHETH 2. Q' cQcQ* MY 21T
B Q,Q €29\ {9} icxfL T, &2 D4 ng,:quQAq — [yeqrdq PHELE
T3 fito T, fEED w€[lgeedq LT, n3(w) € [Tgeqrdq 25V 1D
T 2T Li-state space % A = Ugeg: [Igeodq &t d. BHEM 7R RAEZERIT A
T, A LOKREETH 2. it > T, Li-state space 1 A LOHWICHE R

RREZEHE T T2 G LZdbDTH 3.

Example 2 Q* ={q(x),q(v)} REMOEATHE LT L. 22T, qx) X
B x oW ToEMTHDEL, q(y) FEE y KOoOWTOERTH D &
T, FHEMICN T 2MEOEA LT Ay = {age 9w}, Aqon =
{agyagp} EFHL. x BEZONT L &, ayyy & “qlx) X5 2 @EEH
yes TH 2" LML, aayn) 13 “qlx) X 2M%ED no TH2” LEHT
5. HEAPKEZERNIL Ay X Agyy TH Y, TEAIVIKEEZERNIT A0, A0
Agpy TNEZNTHZ. {q)}cQ ZzHrbnlz s &, 25 OHE
ooy Aaw) X Aq) = Aqy BIFLET 3. 2D 2 &, 1y (ag00 a40) =
”{(f;(x)}(aq(x) ,Dq) = Qg ”g;(x)}(_'aq(x) \Aq(y)) = 7T{%*(x)}(_'aq(x) ,Dag(y) =
gy PRIZLT 5. JBIE x DB RS 52 LB TE B FMHITIRE

(@) q0) & (agemaqp)) ZIRE ag ER8GEL, RE (maqw aq0))



E (mage,aqy)) ZIREE —ag &RERT 5. T@ L ¥, Li-state space &
A = Aq(x) X Aq(y) U Aq(x) U Aq(y) U Aq(¢) THhY 5 *%@E"Jﬁ:lkﬁ?%ﬁﬁﬂ [ Aq(x) X
Aq(y)'Aq(x)'Aq(y)a Aq(¢) % ?L%?(L“C}) 5 Figure 2 6i Z @{ﬁ”%f?\:{ I_/ 7LC tl) D

ThH5. m

Aqn‘) q(y) Aq(vu X A(I(\'I
(“q(x,' 1Gg(y) ) ("“qu‘) v“ql,\'))
Hatay Beloolonu B o coo s ®
(l(,\) 1 € | T |
| |
| |
i Projections —>,
|
| 1
(agn -h“q(yr) (—'ﬂq(_\; iMQg(y) )
| 1
) Mt ool ®
] 1 |
;v—/ | | )
v { v v W
e e L q(x)
¢ {“q(x) g (x) J"m )
A

Fig. 2: Li-state space.

3 Constructive State Space
FRUER 2o RREZE W] 7V ISR ER B S /IO ME 2 o T & LTH,

IRREZE LR TH 2 L IIRE L 2w, Pl2IEV A a v L NI,

f kAT A auoHESEECERET e nTE L. HlX 10 %
“1THY, »D2,3,4,56 Tlxhw LEEECRETLI LR TESL.

DL E, REEMEBFEMRTIIARC, FREL 5.



unawareness structure I[C X F ZARREEM IR TH 5. Lo Lo,

~

unawareness structure T %, JKAEZE

§)
"

AN D R DR 7 IRREZE R I B
725 DT, FAREAERILFR T AR, RETCIIAEERN ZRBZEM 2 LR, &
ZuvidsER e LCEAMLT 2. A DENLD T 71 —F (3 Hiefetz et al.
(2008), Li (2009) & [RIL X 5 ic, LN T 7o —F% L o Twb DT, &4

X Z DIRREZE[E] % constructive state space & A1) 5.

3.1 Overloaded Function
FERLAIIFABOLEEREYERT L. O20EE X, Y 25 27-L %, (T

BD k=0,1,,n ICHLT, X, ZUTFDXSICEERTS.

0} ifk =0;

Xie = {xk X otherwise.

Definition of overloaded functions: F8%{ f 28 n+1 #lo7 V74 (0,1,--,n)

KL THEERIN TS LI, f BUT%iTETH D,

n
f: Xk -Y.
k=0

ARTEEFICON LTS HEERZEMN T2 2 L3 TE S LIRET 5.

3.2 Overloaded Operator and Constructive State Space

10



AECIIRENT e —F 2 HwCOREEBZET4{LL, ZLTEN
BT S P 2 EAGEOES, bV IEIMNSOEALT S .3 HoT ) T
4 (0,1,2) b 0% EERINLEHET v 52722 %, LToEKFZHZ

TERET S,

Cl Forany p€P, pV =Vp=pVp=np.
C2 Vv =¢.
C3 Forany p,p'€P, pvp' =p'Vp.

C4 Forany p,p',p" €P, pv('vp")=@Vvp)Vvp".

ClizvoTI) 74081723208 %E, p ZZNEHEREL LN TESZ
EEREWT L. C2 BHEMNARETHDE. TVTAH 0 THEEZ, v i ¢
EL P 1F TRTOMEIZETII RV LRINE. C3 1T v 35
Zii7z3 L%, C413 v BPRINEZM-FZ & 2EKRT 5.

T, TEOHEABEOHES XSP TRHLT, —CoL &, X 13%E
B2b LN V— Vo p FIRETH 2. Q={V,ex p|X € P} ZFBUVIRE
ZEM LT 2. £, FEDO XcP THLT, Oy ={Vyey p|Y € X} % EBIHY
IREEZEM & 325, YeXeP THD LI RTED X, Y € 2P\ {0} icxfL T,
Vpey DEQ 5D Vpey p €Qx DAY IZLOZ LIFHOLTHS. LA LD,

ICRTF 2 Vpey p TORBIEEIR Qx ICRNT 3 Vyeyp TOEMHLRZS. Q

ICRWT, Vpey p IMMEEDEN p' € P\Y PRV LRI L EZEATNS.

11



IS Qg ITRWT, Vyeyp BHERED p' e P\Y PRV L2 T L%
G0, TED p" € P\X BV IO E I PILONTIRZOEREED T
W, Qg IR D Vpey p 13 Qx EOEEOLSE L BEM T 5 Tw 523,
A\ Qy LOFTRToOBERLEFEEMTOLNTHRN, Z0L %, Q0 LoeT
D Vpey p ZEDEM p” e P\ X dFiz7z\,

CITHREEERT 5. MEEOEAKRMEOES X, YycP ICH LT, H
Oy — Oy BFET L. SO EREF kv rd Lkw, fito T, T
BED Vpezizex P € Qx 1L T, 1 (Vpezizex P) = Vpezavizex PEQy &5 5
TEHTES. ZDLE, forg =r) PV IZD. LUTTIE, Vpezzepp =0
EL, OLEED we, XSP KXWHLT, rf(w)=wy £35. TED Xc
PICRLT, nf BHEfITTHE LTS, Thabb, (TED wey XL T,
) =w &7&5.

FHIUNIRAEZER] Q XEMHRTH 2. Q 1Z5EME % £ o 7 AEHER) 70k A8 72

flch sl d, AT N%E constructive state space & -5,

Remark 1 For any subsets X,Y suchthat Y € X € P, Qy C Qy.

Remark 1 (34 @ (EBIHY) REEZEE T HBIRIREBEBE O T ERETH S
& HEWKT 5. T Heifetz et al. (2006) % Li (2009) & 13875, Z OFF
13 unawareness structure & |3527% 0, FEEIN) REEZEET AL EBR LT

H5. I, BixIREZERIZILERD 2R b, FXToH@EETIE ¢ %

12



Fi7e T 7z o7z,

4 DEARMIT Heifetz et al. (2008) LTV 5. LA LA 6, i DER
fLIFEERNT 7 —FTHEDICNL T, o o EAITFREFN T 7 1
—F & & o5>TW5. & 5IT, unawareness <2 T DIk 4 Dk & O Dk
& DONCIZEE B WDIET 5. Heifetzet al. |3 awareness/unawareness {8 &
T 2 Symmetry Z iz 5 L 2RET L. fRMIC, &AL
awareness/unawareness {# 125 Symmetry & Non-triviality 23H]Z L 78\ Z
LR L7 2 noREBEBIEFEROERMEZIToTw I e, A

DIERIIW O DFER LB o TWBDT, Ak OPHHA LIS O A 1T E

o CWBEFIRTDEZIENTE S,

Example 3 P ={x,y} ZHEAMEOEAGLL, Q={xVy,x,y,¢}, Q=
{x,0}, Quy={y. 0}, Qqy = {9} ZREZERL T2, FKREEMIT 0 O
ELHTH S, BHEEIEFCRAVDT, ZoDES k), {y} x5 ibhd
& =r8)@) = ¢ BHYIIO. Mo, EHS T ¢ B, C
D& %, Q I constructive state space Td 5. Figure 3 13 Z D% X TR L 72D
DTH5.

ZZTC, ¢ KHEEE525. g THEELIE, IREE ¢ X xvy, x, ¥
DVBTNTHRWVWI L EZEKRT . MEEWIC, peQy DL, ¢ 1T x ZKHE
LTWRWI eZTZERL, xvy, y ZRIHAL T2 IiconTlik

BHRLAWL. CoLEo ¢ IS y 2&Fh0v. bbb, FED DD

13



REZEE AR 2% 01E, 2N oICES 2[E LIREIE > DIREZE R D [E ClH

Cattzfizzev. m

Fig. 3: Constructive state space.

3.3 Relationships with Other State Spaces
4 @D constructive state space (P4 T DI X 5 T HMS-state space &

Li-state space & BE#fTIF 541 5.

Lemma 1 The following are equivalent:
1. A constructive state space can be constructed.

2. An HMS-state space can be constructed.

Proof. (1=2) Any constructive state space () has the set of basic propositions P and

14



for any subset X € P, there is Qy = {Vpey p |Y cX } Here, let us define the family
of disjoint sets § and bijective mapping f: {Qx|X S P} — S. Then, for any X,Y <
P,if X # Y, then f(Qx) N f(Qy) = 0. Let < beapartial orderon § and be defined
as follows: if X € Y, then f(Qx) < f(Qy). Then, suppose that there exists a surjective
projection r&:': Qy — Qy.Then, § = {f(Qy)|X S P} is a complete lattice, and X =
Uxcpf (Qy) is an HMS-state space.

(2=1) Any HMS-state space X has a complete lattice with disjoint spaces § =
{S1}ren. Here, let us define S™™ = {S € S|S is minimal element on S \ {@}}, let P
be some set and be given a bijective mapping f: S™" — P. Then, an overloaded
operator with 3-tuple arities (0,1, 2), V, satisfies the following.
® TForany S €S™" f(S)Vv=VF(S)=F(SVIES) =F(S).

e V=0

® Forany S5,5' € ™" f(S)V f(S) = F(S)VF(S).

® Forany S,5',5" € 5™, F(S)v (F(S)VF(S™) = (F(S)VFESH)VFE™.
Then, for any X S S™" O, = {Vsex £ |X c Smi”}. Let us define that for any
X, Y € S™"_ if we define a projection rﬁc: Qx — Qy, then for any Vgez.zcx S,
rﬁc(vsez:zgx S) = Vsezny:.zex S . Then, {f(S)|s € s™"} is the set of basic

propositions, and Q = {Vsex £(S) |X C ™} is a constructive state space. W

Lemma 2 The following are equivalent:

1. A constructive state space can be constructed.

15



2. A Li-state space can be constructed.

Proof. (1=2) Any constructive state space () has the set of basic propositions P, and
for any X € P, there is Qy = {Vpey p |Y c X}. Here, given some set Q* and a
bijection mapping g: P — Q*. Then, forany p,p’ € P, g(p) # g(p’). Moreover, for
any p € P, let us define Ay, = {ag(p) ,ﬂag(p)} and for any X € P, given
[TpexAgqp)- Note that, if X = @, we denote it by [[pexAgp) = {¢}. Here, for any
X, Y € P, such that X #Y, [lpexAg@p) # [lperAg) 1s evident. When Y € X,
suppose that there is a surjective projection 7i: [lpexAgp) — [lperAgw)- Then,
{g()Ip € P} is the set of questions, and A = Uxcp [IpexAgp) is a Li-state space.
(2=1) Any Li-state space A has the set of questions Q*. Here, given some set P
a bijection mapping g: Q* — P; then, forany q,q' € Q*,if q # q', §g(q) # g(q").
Let us define an overloaded operator V as follows.
® Forany q€Q", g@)Vv=Vig(q =g(@ Vg =3gq.
® V =g¢.
® Forany q,q' €Q", g(q) v g(q) =3gq)Vvgq.
® TForany q,q',q" € Q*, §(9) v (§(q") v §(a") = (d(a) v @)V gia").
Then, for any Q € Q*, let Qg = {VqEQ 9(q) |Q c Q*}. For any Q,Q' € Q", given a
projection rQQ,: Qo — Qo and for any Vgeqr.gicog(q) € Qo , let us define
TQQI(VqEQ”:Q”gQ g(‘l)) = Vgeo''ng":¢""c0 9(q@) . Then, {G(q)lq € Q"} is the set of

basic propositions, and ) = {VqEQ a(q@) |Q € Q*} is a constructive state space. W

16



ZNDDOMHEIZTED constructive state space (¥ HMS-state space & Li-

state space T B Z LR TE, 2O T LI LR TEL L ERT.

Proposition 1 The following are equivalent.
1. A constructive state space can be constructed.
2. HMS-state space can be constructed.

3. Li-state space can be constructed.

Constructive state space % HMS-state space & BHEEAf 17 TH 2 X 5. Example
2 & Example3 ZHE L7z %, CNODBARIRUTDOX S ICRo T3,
Syy = L
Sy = Qg
Spr €
Sy <= gy
Sy & Q ZHEKLAE T, ZODREEROECEIRERLLT O X 5 1B
AT b Tn 5,
Xy & xVy
Xy & x
Xy &y

Xy & (]_’)

17



SHRINIC, Sy & Qg ZHERL 2 & &, REZER OB KRBT O X 5
CBHEAT T 5T .
X &< X
X S ¢
INLDOHIRICE ST, Q ICRTS x & Qp KRTS x BRLEZ2EE%
Fib, FBRIC Q KR 2 ¢ & Quy KR ¢ BEEZEEEZFFOC LD
GH5. Quy 1y BREL TS,
IO, QL 2 BUTOLSICBERLTYS,
Xy © xVy
X & X
y ey
¢ = ¢
N Q ODRERD ¥ LOoBMEZRWAFERLEEMNTOATHS S
LEEWT 2. Thbb, 0l Sy, et BEMT O TR EETTRL,
(xy,x,y,p} €2 LHBEM T LN TWE. #E-T, Q 13 = X LT HEHi#E

o TWn5b,

4 Constructive Aumann Structure

AT, constructive state space ICF5D T constructive Aumann structure %
ETMEL. ZRICOVTHEMT 5, oA IFH—-FARICE R Z YT, aTRetx

o HIERE L T-. awareness/unawareness i1 1-% constructive Aumann structure

18



FECERT S, Z LT, TNHLDWHICOWTERT %, mEZICFK L 1T Dekel

etal. (1998) & Chenetal. (2012) 2% L7z EEEH O L %175

4.1 Possibility Correspondence

THUERY 72 Aumann structure 1 35 F 2 RIRETEX I T IRAEZEH] L CO HRIEFEK X
N5, MEICT 4 DIRREZEMNIT R TH 5 2> b AlREMENIS O JE FI 13 Fk 4
DIREZEM7Z T T, EAMEORESIEXRIKL 25, (P, 1) %
constructive Aumann structure £ 3%, ZZT Q I P »ofkIns &35,

ZDLE,M:Ax2P — 29\ (@} ZAlRelxfIb e 375, FHRITERMGEDER

A

G XcP FLOoRERGEZECHEBRTI LB TE, YSP\X LoHEARdg
AREICOWTIIFRRCE R VD D ERET 5, ZORAERD weQ ITH L T,
M(w,X) S Q BRI T 2, 22 CTHRAIZTREMENICALU T OWE %729 b D
EIRGEST B,

1. Subjective Nondelusion: fFED w e & XS P XL T, wy € I(w,X).
2. Stationarity: {TE w,w' €Q & XCP, o €l(w,X) Z=blE. M(w',X) =

M(w, X).

Example 3 (Continued.) w; =xVYy, w,=x, w3 =y, w,=¢ &3 5, FFKIiZ
HEAMEES X ={x} 2l TZ % L{RET %, Subjective Nondelusion X Y,
wy € M(wy,X), w, € M(w,,X), w, € Mws,X), w, € M(wy,X) KD D,

Stationarity & V. M(w;,X) = M(w,,X), M(w;,X) = M(w,,X) 23D LD, 7%

19



B. D(w;,X) =0(ws,X) BPEIZT 200, Eokoic T #ERL

DPIATFT 5, =

Subjective Nondelusion & Stationarity |3EH#ERY) 72 Aumann structure 1)
2 EINERBEE L HIETH B, X P O EATHD L X1 1ZHL D

20 behEiTERY. Lo Las b, O ETEaEline s Lk,

Definition 1 (Partial Partition) Given any X € P. II: Q x 2P — 29\ {@} is partially
partitional on Qy if there exists P = {P3}1ea such that

1 UxeaPr = Qx;

2. Forany w € (, there exists P, suchthat wy € Py and II(w,X) = Py; and

3. Forany P, P, € P,if Py # Py, then Py NPy = Q.

okt

iR I 53E] (partial partition) ZFE#ERY 72 Aumann structure 1C 35 1F % 43 E] &

HHTH B, KA IFZUTOMEREL Z LR TX 5,

Proposition 2 Givenany X € P. Il is partially partitional on Qy ifand only if II

satisfies Subjective Nondelusion and Stationarity.

Proof. (=) Suppose that the possibility correspondence Il is partially partitional on

Qy. Then, by Condition 1 in Definition 1, U;ep Py = Qx and by Condition 2 in

20



Definition 1, for any w € ), because there exists P, with wy € P; such that
M(w,X)=P,, wy €M(w,X). That is, I satisfies Subjective Nondelusion.
Moreover, by Condition 3 in Definition 1, for any P,, Py € P, if P, # P,s,then P, N
Py =@ . This satisfies that for any w,w’ € Q if M(w,X) # I(w',X), then
M(w,X)NT(w',X) =0, that is, ' & [I(w,X). The contraposition is that if w’ €
M(w,X), then M(w',X) =(w,X). Hence, II satisfies Stationarity.

(&) Suppose that II satisfies Subjective Nondelusion and Stationarity. Given P,
with [I(w,X) = P, for some w € Q. By Subjective Nondelusion and the assumption
of projection, for any w € Qy, w € Il(w,X) . Therefore, Ug,eq, M(w,X) =
U p,=ti(w x) PA = Qx is evident, that is, Condition 1 in Definition 1 holds. By
Subjective Nondelusion and the definition of P;, Condition 2 in Definition 1 holds. By
Stationarity, for any w,w’ € Q, if I(w ,X) # I(w', X), then w’ & II(w, X). That is,
M(w,X) NI(w',X) = @. By the definition of P, if Py # P;,then P, N P; = @. That

is, Condition 3 in Definition 1 holds. Therefore, Il is partially partitional on Qy. ®

Heifetz et al. (2006) (Z DO DIEZIRE L 7z, A DET VIR VT, 2D
9 H D = -D—Confinedness, Generalized Reflexivity, Projections Preserve Awareness
(PPA)—I% Subjective Nondelusion & Stationarity 2> H & { & & 23T & % 23,
Projective Preserve Ignorance (PPI) & Projections Preserve Knowledge (PPK) 33
L TEBTERY, o T, AT PPI & PPK ZIRET 25 L9 »hikd 5

WEDH B, fHL, PPK Z#E® ., Z % Partially Projections Preserve Knowledge
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(¥ 7H) PPK) & FFA 72 & &, #8437 H) PPK (E Subjective Nondelusion &
Stationarity 2°HEL ZENTE L, ECQ 25272 fTED XCP IIH
Lf\ EX = {(l)X € Ql(l) € E}, EX = {(l), € .QlVa) eEE (UI = (‘)VpEZ:ZQXp} &: j—éo

ZorE, FoWEIIUTo L IcERfLE N, "ENnbd,

Remark 2 If a possibility correspondence Il satisfies Subjective Nondelusion and
Stationarity, then it satisfies the following.

1. Confinedness: Forany w € Qy andany X € P, II(w,X) S Qy.

2. Generalized Reflexivity: Forany w € Q and X € P, w € (I(w, X ))P.

3. PPA:Forany w €Q and X € P, if w € II(w, X), then wy € I(wy, X).

4. Partially PPK: For any w €Q and X, Y<S P, if II(w,X) S Qy, then

(H(w,X)%,::H(wy,X)

Proof. (Property 1) By Subjective Nondelusion, wy € II(w , X). By Stationarity, if
w' €M(w,X), then M(w',X) =(w,X). Thatis, wy = w’. Therefore, for any

w' €EM(w,X), w' € Qy. Hence, M(w,X) S Qy.

5 WIfmTlE Remark 2 DME 4 #5008 PPK Tlx7Ze . PPK &FFA S, Th
Y Th D, HL, AR EIN PPK & PPK Z#XAIL., % ZICEWVWITH
20NED, HEENEDOL ETIZZDDIXE L TH 3, Proposition 8 % K

Lo

22



(Property 2) Given any w € Q and X € P. Then, (M(w,X ))P =
{w" € |Vw’ El(w,X) w" =w'Vyezzcx p}. By Subjective Nondelusion, wy €
I(w,X) and there exists Z € X with w = wy Vpezp. Hence, w € (M(w ,X))P.
(Property 3) It is evident by Subjective Nondelusion.
(Property 4) Given w € Q, X,Y € P and II(w,X) S Qy. Forany w' €
M(w,X), because w’ € Qy, 1¥(w') = w'. Thatis, (M(w ,X))Y =M(w,X). Hence,

by Subjective Nondelusion and Stationarity, I(wy ,X) = I(wy,X) = M(w,X). =

HLAaxDETFTATIE, PPK & PPIDBUTO XS icERbEn s,
® (PPK) fEE®D weQ, X,YcP (YcX) Lkl T, (I(w,X), =

H(wY 'X);
® (PP (LD we®, X,y <P kML T., ((w,X)) € ((wy,X)) .

Z 5 1% Subjective Nondelusion & Stationarity 7> HE L Z L3 TZ vy, LA

TlixZzoflcdh s,

Example4 P={x,y} £ 3%, 20t Z . Q={xVyxy ¢} &4k, ERITT
NTCOMEZERTE LD T 5, T bbb X=P L35, %7V ={x ¢}
EL.M(xVvy,X)=M,X)={xVvyy} Ix,X) ={x}, I(y,X) ={y} &IKE
+23, 2oL %, (H(w;X)wszy,y)Yzy THDEH b6, (H(w,X)w=xvy,y)Y¢
MLX)#o(mwxhqwﬂy¢m¢x)&ﬁéo?ﬁb%\:@7—x@

X PPK i3z, m
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Example 5 P={x,y,z} 3%, 2Dt %, Q={xVyVz,xVy,yVzzV
X xyz ¢} L7ab, FRIETCOREARMELZZTFBETE, —IThbb . X=P —
2> 2 Mxvyvz,P)=N(xVvy,P)={xvyvzxVvy}, MI(yvz,P)=I(zVv
x,P)=M(x,P)={yvzzvxx}, I(y,P)=1(z,P)={yz}, I(¢,P)={$}
CARET B, ZD4rENT Figure 4 i b, oL & AREMENIGIZ

Subjective Nondelusion & Stationarity %723, 22T Y={y}, o=xVy &

5, TDE X, (l'[(a),P))P={xVsz,xVy,sz,sz,x}, (H(wy,P))P=
(l'l(wy,P))P={xVsz,xVy,yVZ,ZVx} Thd, ZOLE, HHEFE x€

(M(w, P))" \ (I(wy , )’ BEET 2 DT, (I(w, X)) ¢ ([I(wy, X)) FHL

PTHbB, TD7— AT PPl #iii7-X 72\, =

Qp=x,y,z)

/ ol Ty \

yVvVz zZVx %

\T . "f/

Fig. 4: Projections Preserve Ignorance is not satisfied.
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b CHE LM AT OB R L

Remark 3 The possibility correspondence II satisfies the following properties.
A) Generalized Reflexivity implies Subjective Nondelusion.
B) PPK implies PPA.

C) Partially PPK implies PPA

Proof. (A) Suppose that II satisfies Generalized Reflexivity. Given any w € (0 and
XSSP with we (l'[(a),X))P = {a)” €EQ |ch’ eEllw,X) w'= a)’Vpez:ZgXp} i
Then, there must exist w' € [I(w,X) such that w = ' Vyezzcxp . That is,
v () =138 (0’ Vpezzep p) = w'. Hence, wy € M(w,X).
(B) Suppose that II satisfies Confinedness and PPK and that w € I1(w , X). Then,
wx € (M(w ,X))X. By PPK, because (I(w ,X))X = M(wy,X), wy € D(wy,X).
(C) Suppose that I satisfies Partially PPK and that for any w € ) and X € P,
w € II(w, X). Then, because M(w,X) € Oy, w = wy € (H(w ,X))X. By Partially

PPK, because (l'l(w ,X))X =l(wy,X), wy € I(wy,X). =
Remark 3 DMEE (A), (B) I¥ Heifetz et al. (2006) IC X > TRI N2 TN E D,
B) KOVWTDEOLDAT — P AV FEHRADAT— P AV FOMICIZAER

DT D, F_ADAT— X v b EIIXHERIC, Heifetzetal. 1% Confinedness
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& PPK ¥ PPA %ZE &R XTw %, Unawareness structure X\ T,
Confinedness (M % TdH % DITHF L T, constructive Aumann structure T340 %
& LRy,

W DD DIEATHIFE IR AAERIFR LIS LT PPK & PPLICD W TR L T
W %, e.g., Heifetz et al. (2006, 2008), Galanis (2013,2018), NIRFJICEK LA DET LV

BHE—FERETLTHE00, LROWEHICOWTRET 24 E T 7m0, ©

4.2 Knowledge Operator
RICHBHET2ERT L, FR E 13 Q OFoES LT, EHRIER
MEEADHNES X P #RHTcEs L&, AHEET K29 — 22 1%
LUTo XS EREINDE, ECQy TH S bIE. Ke(E)=
{weQl(w,X) CE}, ) THRVIELIZ. Ky(E)=0 &35, Ky(E) 1T “X %
ABCEBLTMHREER E 2HoT03” LERT2, L Ky(E)=0 &5

. EERD E ZHloCwWB I LB,

Example 3 (Continued.) X={x}, M(w,X) ={w,}, M(w,,X) ={w,},

6 Constructive Aumann structure 3% J@EIESER[GEEIGET A TH B, 12
R R IE D ElE F AW T, PPK & PPLIFKEL Tk S IR 2 %,
R IFEE TR D constructive Aumann structure [ZYVT 3 PPK & PPI (3 445E

R D EHEHIT S,
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M(ws,X) = {wy}, Mwy,X) ={wy} EWET S, E ={w,} £55, Z2DEZE,
E;SQy 22 M(w,,X) SE, THB, [>T, Ky(E)) ={w,} THYH, FIE
X E, ZHloTW3,E, ={w;,w,} LEL, CDEE E,E0y THEDDL,
Ky(B,) =0 THbD, TNEFERERR E, 2HoTn2Z 3B THEILE2E

K32, m

HFEETOERDOT T, ECQy BEETHE, X+P DL T I(w,X) S
QO EHL»PTH DL, o T, T XTD E IKHNL T KeE)=
{weQl(w,X) SE} molE. Ke(Q) 1ZFEZEE 2D, FKIZ Q ZHIZ 2L

b, " ek, BB ECQy LT, Ky(E) 13ZERD LN,

Remark 4 Given E E (ly, the following are equivalent.
1. Forany w € Q, I(w,X) £ E.

2. Ky(E) = 0.

Example 3 (Continued.) E; ={w,} ¢35, 2DL &, l(w,, X)L E; TH5

o, Ky(Es)=0 &75, Thbbd w, TEERDE E; Ao T3 T &ih

THb, m

Ke(E) 13 Qy FOHERTHZZLIZWALLTH B,

’ In this case, Monotonicity is satisfied even if X # P.
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Proposition 2 (Heifetz et al. 2006) Forany E S Q, Ky(E) S Q.

Proof. Given any E € Q and w € Kx(E). By the definition of knowledge operator
and Subjective Nondelusion, w € II(w,X) € E . Then, by Confinedness, as

H((U ,X) c QX, w € QX‘ Therefore, Kx(E) c Qx. |

—Ky(E) =Q\Ky(E) % Ky(E) DEEL T 5, TNIF “X ZFEEML T3
FHRIZER E 2HIL R0 LFIRT 2, 2 2 T4 T Heifetz et al. (2006) I

B DREAETOWE 2 B+ 22 LR T 3,

Proposition 3 A knowledge operator Ky has the following properties.

K1 (Necessitation) X = P if and only if Ky(Q) = Q.

K2 (Monotonicity) X = P ifand only if E € F = Kyx(E) S Kx(F).

K3 (Conjunction) VAEA E; S QyorVAEA E; €Qy = Ky(NyeprEy) =
Naea Kx (E).

K4 (Truth) Ky(E) € E.

K5 (Positive Introspection) Ky (E) = KxyKx(E).

K6 (Negative Introspection) X = P if and only if =Ky (E) S Ky—Kx(E).

Proof. (K1) (=) When X = P, by Subjective Nondelusion, forany w € (), w €
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I(w,P) € Q. Thatis, Q S Kp(Q). Moreover, by Proposition 2, because Kp(E) S
Q, Kp(Q) = Q.

(&) Suppose that Ky () = Q. Assume that X # P. Then, Qy & Q. However, by
the definition of the knowledge operator, Ky () = @. This is a contradiction.
Therefore, X = P.

(K2) (=) When X = P, Kp(E) = {w € Q|lI(w,P) C E} C
{w e Q|l(w,P) € F} =Kp(F).

(&) Suppose that E € F = Ky (E) S Ky (F). Assume that X # P. Then, Qy &
Q and Ky(Q) = @.Forany @ # E < Qy, because Ky(E) 2 Kx(Q), thisis a
contradiction. Therefore, X = P.

(K3) Given any A € A, suppose that E; € Qy. Given any @ € Ky(Njeq E2).
Then, M(w ,P) S Nyeq E;. This means that for any A € A, [1(w, P) S E;. That is,
forany A € A, because w € Kx(E;), w € Nyeq Kx(E;). Forany A € A, suppose that
E, & Qy. Then, Ky(E;) = @. Thatis, Kx(NiexE) = Naen Kx(Ey) = 0.

(K4) Given any w' € Kx(E), w' € lI(w,P) S E. Therefore, Ky(E) S E.

(K5) By K4, KyKyx(E) € Ky. Givenany w € Ky(E), II(w,P) € E. Here, for
any w' € lI(w,P), I(w',P) € E. Thus, o' € Kx(E). Hence, because Il(w,P) <
Ky(E), ' € KyKy(E). Thus, Ky(E) € KyKy(E). Hence Ky(E) = KyKy(E).

(K6) (=) Assume that X = P. Given any w € =Kp(E), w & Kp(E). Thus,
(w,P) € E. Given w' € II(w, P), by Stationarity, because II(w,P) = II(w', P),

w' € =Kp(E). Thatis, II(w,P) € =Kp(E). Therefore, ~Kyx(E) € Ky—Kx(E).
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(&) Suppose that =Ky (E) € Kyx—Kx(E) and X # P. Then, Kx(E) € Qyx & Q.
Because —Ky(E) & Qy, this must be Ky—Ky(E) = @. This is a contradiction.

Therefore, X =P. m

KA DET VIR WT, HEET 725 Necessitation, Monotonicity, Negative

Introspection 23K W 2D Z L & FRHDE P ORTCOMEZEMTELT L LT

IEHEVG% %o

Remark 5 Ky(Qy) = Qy.

Z®D Remark ZHAL 2 TH 20N E D, X ZHHTE 2 EMRIT Qp IKHD

< Aumann structure IC[E L TW3 EEL TS, fEo T, A H Qyp IR

E LRI ER L 2 m ol kA ld Qp b CRERNLRAEEEE 2

EFETBILENTE B,

210 Heifetz et al. (2006) 23/~ L 72LA T o % R 3,

Proposition 4 (HMS 2006) —Kx(E) N =Ky—Kx(E) € =Kx—Kx—Kx(E).

Proof. See each property 2 in Propositions 5—7 below. m

4.3 Awareness/Unawareness Operator
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ARENTRWT, 4 13 unawareness A T2 ERT 5, FRIT X 2T
XD2LIRET S, TDL E ., unawareness i H T 13 Uy(E) = =Ky(E) N
—Ky—Ky(E) & EF X3, awareness 1 & 113 Ay(E) = =Ux(E) = Ky(E) U

KX_le(E) & ﬁg%é ﬂ%o

Example 3 (Continued.) E; = {w,} KX L T, =Kx(E;) = {01, w3 ,ws} 2>
—Ky—Ky(E;) =0 TH200,Ux(E))=0 TH52, o T, Ax(E;)) = {w,,ws}
DY 372D, MBI E, = {w;,w,} I LT, =Ky(E,) = {0, 0w, ,ws ,ws}
D aKy=Ky(Ey) = {wy,wy,ws,w,} THED 0, Ux(E,) ={w,,w,,ws,w,}

2 Ax(E) =0 KT 5, m

HIFKHE B - & awareness/unawareness {8 A 11D W Cigkam 3 S ATIC, A4 13
ROZDD7 —RALDWTHERE LR Tda bk, FERBECORERMEE
Wik CE 255 FRITEARMED H 5 IFE BB E 25T & Rnas, Xt
R 752 BRBTERDRGT E 2 REZEM LICH 2856 TRIT—EoEAG

BEICOWTEHTE R WA T THRANRE R 2 FERPFRD R T B IREE

ﬁ

ZER EICRVWEAETH S,

Awareness/unawareness 18 5 1 DPEEIC DO W TR THIICUA T O % E {

Lemma 3 (Heifetzetal. 2006) E,F € Qy = Ky(EUKx(F)) = Kx(E) U Kx(F).
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Proof. First, given any w € Ky(E UKy (F)). Then, T(w,X) S E U Kx(F). This
means that IT(w,X) € E or I(w,X) S Kx(F). Hence, by K5, because Ky(F) =
KyKx(F), Kx(E) U KyKyx(F) = Ky(E) U Kx(F), and w € Ky(E) U Kx(F). That is,
Kx(E U Kx(F)) € Kx(E) U Kx(F). Next, given any w € Kyx(E) U Kx(F). By K5,
Ky (E) UKy (F) = Kx(E) U KxKx(F). Then, M(w,X) € E or M(w,X) S Kx(F).
This means that II(w,X) € E U Kx(F). Therefore, because w € KX(E U KX(F)),

Kx(E) U Kx(F) € Kx(E U Kx(F)). Thus, Kx(E UKx(F)) = Kx(E) UKx(F). =

Lemma 4 An awareness operator has the following properties.
1. (Triviality) If X = P, then Ax(E) = Q.
2. (Non-triviality) If X #= P and E S Qy, then Ax(E) = Kx(E).

3. (Non-triviality) If X # P and E € Qy, then Ax(E) = Q.

Proof. (1) Suppose that X =P . Then, Ap(E) = Kp(E) U Kp—Kp(E) . By K35,
Kp(E) U Kp—=Kp(E) = KpKp(E) UKp—=Kp(E) . By Lemma 3, KpKp(E)U
Kp—Kp(E) = Kp(Kp(E) U —=Kp(E)) = Kp(Q) = Q. Therefore, Ap(E) = Q.

(2) Suppose that X # P and E < Q. Then, by Proposition 2, because Kx(E) S
Qy, "Kyx(E) € Qy. Therefore, Kxy—Kyx(E) = Kx(@) = @. Thus, Ax(E) = Kx(E) U
Kyx—Kx(E) = Kx(E).

(3) Suppose that X #+ P and E € Qy. Then, by the definition of the knowledge

operator, Ky(E) = @. Then, =Kx(E) = Q and Kyx(Q) = @. Therefore, Ax(E) =
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Ky(E) UKy—Ky(E) = 0. m

HEREE T DY & awareness/unawareness JH &+ DMHEIZLL T D X 5 IR

INd,

Proposition 5 When X =P, the following properties of knowledge and

awareness/unawareness are obtained:

S

KU Introspection: KyUy(E) = Q.

AU Introspection: Uy (E) = UyUx(E).

Weak Necessitation: Ay (E) = Ky (Qy).

Strong Plausibility: Uy (E) = Ny=1(=Kx)™ (E).

Weak Negative Introspection: =Ky (E) N Ax—Kx(E) = Kx—Kx(E).
Symmetry: Ay(=E) = Ax(E).

A-Conjunction: AX(n/leA E/l) = n/lEA AX (E/l)

® Q@ ® @& ® © ©

AK-Self Reflection: AxKy(E) = Ax(E).

©

AA-Self Reflection: AyAx(E) = Ax(E).

®

A-Introspection: KyAx(E) = Ax(E).
Proof. Assume that X = P. By condition 1 in Lemma4, Ay(E) = Q,i.e., Ux(E) = 0.
1) KxUx(E) = Kx(=Kx(E) N =Kx—Kx(E)) = Kx—Kx(E) N Kx~Ky—Kx(E) S

KxﬁKx(E) ﬂ _IKX_IKx(E) = @.
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2)

3)

4)

5)

6)

7)

8)

9)

10)

By condition 1 in Lemma 4, because Ax(E) = Q and Uy(E) = -Ax(E) = @,
AyUx(E) = Ax (@) = Kx (@) UKx—Kx (@) = QU Kx(Q) =Q . Therefore,
Ax(E) = AxUx(E) and Ux(E) = UxUx(E).

By X =P, Kx(Q) = Q. By Lemma4, because Ax(E) = Q, Ax(E) = Kx(Q).
By Lemma 4, Uy(E) = =Ax(E) = @. By Lemma 4 and AU Introspection,
Uy (E) = UyUy(E) = @ and UyUyUy(E) = Uy(®). Then, as Ay (@) = Q,
UxUxUx(E) = Ux(®) = @. By repeating it, Ux(E) = NyZ1(=Kx)™ (E).
Ax—Kyx(E) = Kx—Kx(E) U Kx~Ky—Kx(E) = KxyKx—Kx(E) U
Kx—Kx—Kx(E) = Kx(Kx—Kx(E) U ~Kx—Kx(E)) = Kx(Q) = Q. Therefore,
—Kx(E) N Ax=Kx(E) = =Kx(E) N Q = =Ky (E). By X = P, the knowledge
operator satisfies K6, i.e., —Ky(E) € Kx—Kx(E) . Moreover, by K4,
Ky—Kx(E) € -Kx(E) . Therefore, as —Kx(E) = Ky—Kx(E), —Kyx(E)Nn
Ax—Kx(E) = Kx—Kx(E).

Given E C Q, because Ax(E) = Q, Ax(—E) = Q. Hence, Ax(—E) = Ax(E).
For any E S Q and any A€ A, as Ax(E) =Q, Ax(NyenE)) =Q and
Ax(E3) = Q, NaeaAx(Er) = Q. Therefore, Ax(Nea E2) = NaeaAx(ER).
Given E € Q, because Ax(E) =Q, AxKy(E) =Q. Thus, AxKyx(E) =
Ay (E).

Given E € Q, because Ayx(E) =Q, AyAx(E) =Q. Thus, AyAx(E) =
Ay (E).

For any E € Q, because Ay(E) = Q, KyAx(E) = Kx(Q). By K1, Kx(Q) =
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Q. Therefore, KyAyx(E) = Ax(E). m

Proposition 6 When X # P and E € Qy, the following properties of knowledge

and awareness/unawareness are obtained:

S)

KU Introspection: KyUx(E) = @.

AU Introspection: Uy (E) S UyUyx(E).

Weak Necessitation: Ay (E) S Ky (Qy).

Strong Plausibility: Uyx(E) € Np=1(=Kx)" (E).

Weak Negative Introspection: =Ky (E) N Ax—Kx(E) = Kx—Kx(E).
Reverse Symmetry: Ay(—E) S Ax(E).

A-Conjunction: AX(n)lEA E).) = n)lEA AX(EA)

® Q@ ® ® ® © ©

AK-Self Reflection: AxKy(E) = Ax(E).

©

AA-Self Reflection: AyAx(E) = Ax(E).

®

A-Introspection: KyAy(E) = Ax(E).

Proof. Suppose that X # P and that forany E € Q, E C (. Then, by Condition 2 in

Lemma 4, Ax(E) = Kx(E). Therefore, Ux(E) = =Ky (E).

1) By Ax(E) = Kx(E), Ux(E) = =Kx(E). By Proposition 2, because Ky(E) S Qy,
-Kx(E) € Qy. Therefore, KX(—|KX(E)) = Q.

2) Uy(E) = =Kx(E) € Q. UyUx(E) = ~KxUyx(E). By KU Introspection, because

Kxe(E) = Q), ﬂKxe(E) = Q. Therefore, Ux(E) c Uxe(E)
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3)

4)

5)

6)

7)

8)

9)

As Ay(E) = Kx(E) by Condition 2 in Lemma 4 and Kx(Qy) = Qy by Remark
5, Ax(E) S Kx(Qy).

By AU Introspection, UyUyx(E) = -KyUx(E)=Q . UyUxUx(E) =
Uxy—KyUx(E) = Uy (Q) = =Kx(Q). By the definition of the knowledge operator,
because Ky(Q) =0, Ux(Q) =Q . By repetition, Ny (=Kx)"(E) =Q .
Therefore, Ux(E) € Ny—1(=Kx)™ (E).

By Condition 2 in Lemma 4, Ay—Kyx(E) = Kx—Kx(E). By K4, because Ky(F) <
ECQy , —Kyx(E)¥%Qy . Therefore, Ky-Ky(E)=@ . Thus, —Kyx(E)N
Ax—Kx(E) = =Kx(E) N @ = @ = Ky—Ky(E).

Ax(—E) = Kx(mE) UKy—Kx(=E) . By EC<SQy , —=EZQy . Therefore,
Ky(—=E) = 0. By =Kx(=E) = Q, Ky Kx(=E) = @. Therefore, Ayxy(=E) = Q.
By Condition 2 in Lemma 4, because Ay (E) = Kx(E), Ax(=E) S Ax(E).

For any E S Qy, because Ax(E) = Kx(E), Ax(NaeaEr) = Kx(Nyea Ep) -
Moreover, for any A€ A , because Ayx(E;) = Kx(Ey) , NieaAx(Ey) =
Naea Kx (E3). Therefore, by K3, Ax(Naea Ez) = Naea Ax(E2)-

For any E € Qy, by K4, Ky(E) € E. Therefore, by AyxKy(E) = KxKx(E),
KyKy(E) = Ky(E). Thus, AxKy(E) = Ay(E).

For any E S Qy, by K4, as Ky(E) S E. Ax(E) =Kx(E), AxAx(E) =

AXKX(E) = KXKX(E) = Kx(E) Therefore, AxAx(E) = Ax(E)

Therefore, KyAx(E) = Ax(E). m
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Proposition 7 When X # P and E & (y, the following properties of knowledge

and awareness/unawareness are obtained:

S)

KU Introspection: KyUyx(E) = @.

AU Introspection: Uy (E) = UyUx(E).

Weak Necessitation: Ay (E) € Ky (Qy).

Strong Plausibility: Uy (E) = Ny=1(=Kx)™ (E).

Weak Negative Introspection: =Ky (E) N Ax—=Kx(E) = Kx—Kx(E).
Reverse Symmetry: Ay(—E) 2 Ax(E).

A-Conjunction: Ax(NjesEx) = Nyea Ax(Ep).

® Q@ © @& ® © ©

AK-Self Reflection: AxKy(E) = Ax(E).

©

AA-Self Reflection: AyAx(E) = Ax(E).

®

A-Introspection: KyAx(E) = Ax(E).

Proof. Suppose that X # P and that for any E € Q, E & Qy. By Condition 3 in
Lemma 4, Ax(E) = @. Therefore, Ux(E) = Q.
1) KyUy(E) = Ky (Q) = 9.
2) Because UyUyx(E) = Ux(Q)). Q & Qy is evident, Ux(Q) = Q. Therefore, as
UxUx(E) = Q, Ux(E) = UxUx(E).
3) By Remark 5, Ay(E) = @ € Qy = Kx(Qy).

4) By AU Introspection, UyUyUx(E) = Ux(Q) = Q. By repetition, Uy(E) =
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5)

6)

7)

8)

9)

Nr=1(=Kx)™ (E).

By E € Qy, because Ky(E) =@, —Kx(E) =Q. Ky-Kx(E) = Kx(Q) = 0.
Therefore, because  Ayx—Kx(E) = Ax(Q) = Kx(Q) UKx=Ky(Q) =0
Ky (E) N Ax—Kx(E) = Kx—Kx(E).

Because Ayx(E) = @, Ax(=E) 2 Ax(E).

Forany E € Qy, as Ax(E) = @, Ax(NjeqrEy) = @. Moreover, for any A € A,
because Ax(Ez) = @, NaeaAx(E) = @. Hence, Ax(NaecaEr) = Naea Ax(E).
Because Ky(E)=0 , AxKy(E)= Ax(®) =Kyx(@)UKyx—Kx (@) =0 U
Ky (Q) = @. Therefore, AxKy(E) = Ax(E).

AxAx(E) = AX(Q) = @ Therefore, AxAx(E) = Ax(E)

10) KyAx(E) = Ky(@) = 0. m

Remark 6 Suppose X # P. For any A € A, let E; € Qy, and for any 6 € A, let

Es & Qx. Then, Ax(Niea Ex NsenEs) 2 Nyea Ax (E3) Nsen Ax (Es).

KU Introspection, AU Introspection, Weak Necessitation, Strong Plausibility |

Dekel et al. (1998) IZ X - T ; Symmetry, A-Conjunction, AK-Self Reflection, AA-

Self Reflection (¥ Modica and Rustichini (1999) (Z X - T ; Weak Negative

Introspection, Symmetry, A-Conjunction, AK-Self Reflection, AA-Self Reflection |

Halpern (2001) (C X - T 5 A-Introspection ¥ Heifetz et al. (2006) IC X > THSE

SNz LD2L%EDBOL, X#P 222 ECQy T, AU Introspection, Strong
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Plausibility 135 272 X200 d LLa W, EH5IC X#P »2 EZQy T,
Weak Necessitation (3555 %72 I 2\Wwdd Lvkvy, X 51T A-Conjunction
WEETOERL ECOQy $7213 ELQy ODEAICDRILT 5, Remark 6 (3,

Z DM EM T Xm0 HIE. Nieadx(ED) NgeaAx(Es) 13ZED2 D LN\ Z

& EIRT,

B v Z & I, Symmetry (X Non-triviality (& fff 28 3 3
Awareness/unawareness ji 5 DTEHE % iam 3 5 L TH9E 1 Symmetry % FIEEH
9% 2> (e.g., Heifetz et al. 2006, 2013a, Li 2009), Z N %Z{KE L T\ 7z (eg.,
Modica and Rustichini 1994, 1999, Halpern 2001, Heifetz et al. 2008, Sadzik 2021),
X HE Y IC awareness/unawareness i 5725 non-trivial T® % & & | Symmetry
X AKAZ L 72>, Fukuda (2020) (& Symmetry 2 HERR D SFE D unawareness 73K,
VLl rb Ll nwI EERLEDYR, 2 BoEHN—32bb 1 o
unawareness— (C D W C UL Symmetry 238235 T & &R L7z, fiE> T, Ak
Z OMWE % Reverse Symmetry & L7z, X 51T, Reverse Symmetry Dt & B %
X EcQy $7/21F E€Qy THRAR D,

AEA2 R X D Ic, FERPREAMEO —HEZEMTE v e ¥ HiEE T
DEFRLY ., FEDR E 2H > T d% bl E DROSFERITEERDO FBATK
REZER EICHFEEL 2w DT, FRIZZ OO EREZ#T 2L TE AW,
fEoT, E ICOWTOHBEHEFORNFERIZZE L 22, E 22 F RO TN
IRREZER FICZ & &  Ky(E) =0 22X DR HER (e, =E 22 —Kx(E))

TS Ll 29 Thuedd Lk, o T, ERIZZND %585k
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TEEI0TERVDLTH S,

Reverse Symmetry DFHHIIEECTH Y Al b 20 EEZ DD, —
FERDPEFHL T HERE ERPEFMTE LV ZDONERICONWTZ D
Bz N E TRV & 2R T, b ) — D DEREITMAMHGRER & BEff 1
1%, Modica and Rustichini (1994) % S4 2>2 Symmetry 235 D 72D & ¥, S5
DY LD Z & %R LTz, WIBHICE 4 DEF T\ T, Symmetry & Non-
triviality (ZM3Z L 72\, fif > T Reverse Symmetry % unawareness (CBH3 % 5%

DT, S5 ZMOBRIREZ L ZRKRLTRE3D0d L, A 3ER
FHERPE D H T, S4 + Reverse Symmetry Zi&kim3 ~X ThH 5,

RIZICARENICHRWT, 4 13 Awareness Leads to Knowledge & % DD el &
IZ DWW Cikam 3 %o Galanis (2013) (X LA T @ P£'E (Awareness Leads to
Knowledge) ##2X L7z, {(TE®D X,YSP (YSX) & ECQ KRNLT, EC
Qy b iE, Ky(E) € (KX(E)) NAy(E) 23329 %, %13 unawareness structure
I T PPK Z{RGE L 78 FAUE, O TUEIIBZL L 2wdd Lihnwi %
AW L7z, L2L723 b, constructive Aumann structure (CfRV>CT, Awareness
Leads to Knowledge 13/i%37.€ 3, PPK Z{REL T Wil drrbbd, Z0D

WDWEDHALT B, 8

8 YRR ICHY VT, Proposition 8 D A7 — F A v k LEEAHIZER > Tz, FIFR T
HEEDBKY oL L=, IELL Vv, AFEICHRWTRT— AV b EEE

BHIZ55 5 b Awareness Leads to Knowledge d KV .72\ Z & Z/RL TW
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Proposition 8 For any X,Y € P with YS X and ECQ, if E S Qy, then

Ky(E) 2 (KX(E))Y N Ay (E).

Proof. Suppose that forany X,Y € P, Y € X and given E € Qy. Firstly, suppose that
Y = P,ie., X = P. Then, A, (E) = Q by Condition 1 of Lemma 4, and (KX(E))Y =
(KY(E))Y = K,(E) because Ky(E) = Ky(E) =Kp(E) . Therefore, Ky(E)=
(KX(E ))Y N Ay (E). Next, suppose that Y # P. Then, by Condition 2 of Lemma 4,
Ky(E) = Ay(E) . Because Ay(E) 2 (KX(E))Y NAy(E) , Ky(E)2 (KX(E))Y N
Ay(E).

When Y # P, K,(E) < (KX(E))Y N Ay(E) may not hold. Suppose that
M(w,Y) € E. Then, Ky(E) # @. Assume that [I(w,X) € E for any w € Q. Then,
Ky(E) =0 by Remark 4. Then, @ = Kyx(E) = Kx(E) nAy(E) = (KX(E))Y N

Ay(E) € Ky(E). m

AfEix PPK Z{RE L Ty, L2 L Awareness Leads to Knowledge (3K
3. L 722> > 7z, Proposition 8 |3 Awareness Leads to Knowledge ¥ tl& % &
WTW3, ZofERIT Galanis (2013) & NI AR CTH S, b, F5H

AL L 72 & DAL, FERPEARMED —EIC unaware TH D
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O EERDPEFRL T 2 REBEFMOER FoRGEEE 7 2Rz b nwl &
T®H %, Awareness Leads to Knowledge D1, F{K2S unaware TH 3 X ) 7x
IREEZER E o> 3 HY) &S aware TH D Z LI TEHRWI L 2 EKT 5,
Galanis & A5 D 5 B D & I3 constructive Aumann structure D I 8 1%
unawareness structure DRI E B2 2 L #EK T2, hi3KLs0ET VI
Gakanis D& bR W L 2 EKT 5,

Proposition 8 13743 PPK % &1 & L T \» %, Proposition 8 IF{F= D w € Ky (E)
LT, N(w,X) SECQ, THBILHEEL, FAKIHEED weKy(E) IC
WLT,. M(w,Y) SECQ, SOy THEZILERELL, TNHLDAT—F AV T
1ZER5T 1 PPK DEAFETH %, Z i Proposition 8 D H & TPPK D AT — b A
VIR INE L EERT L, L2 LA b, FHIEHMY LTS L
N\, 5 L Awareness Leads to Knowledge (3{R7E % #%% 7z Galanis (2013)

AR IS, GBI DE T 2 LEBDH 5,

4.4 Relationships with Standard Aumann Structure
KADETNVICRWT, X =P DL %, unawareness 7* trivial IC72 5 &\ 9

Dekel et al. (1998) D EZEF LA D X 51T b 7D,

Theorem 1 In any constructive Aumann structure, the following are equivalent.

1. X=P.

2. Forany E € Q, Ux(E) = Q.
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3. Forany E,F € Q, ECF, Uy(E) € -Ky(F).

Proof. (1 = 2) It is evident by Condition 1 in Lemma 4.
(2= 3)Given E € Q, Uy(E) = 0. Then, forany F € Q, @ = Ux(E) € =Ky (F).
(3 = 1) Suppose that forevery E,F € Q,if E € F,then Ux(E) S =Kx(F). Here,
assume that X # P and given E =@ and @ # F € Qy. Then, because —Kx(@) =
Q and Ky(Q) =@, Ux(®) = =Kx(E) N =Kx—Kx(E) = QN =Kx(Q) = 2 n (Q\
KX(Q)) = Q. Because —Ky(F) S Q is evident, =Ky(F) & Ux(®). This is a

contradiction. Hence, X = P. m

Dekel et al. (1998) (% unawareness {45123 Plausibility, AU Introspection, KU
Introspection % i 72 L . 2> RN 5123 Necessitation 7% i 7z 377 b 1.
unawareness (3 trivial 72 b DIC7 5 Z & %R L7z, ¥ 7= unawareness {5 23
L OIRE %W 7-3 D & T, HEEE 25 Monotonicity %7z 3 7% & X, FK
¥ TIC unaware THB Z L ZmL7z, WADETLICRNWT, X=P DL
T, WA ITHFEGEE T & unawareness A2 L OWE 272 T & IR L
T2o W0 T, TETHII X=P DL XICHIZLL, Wb ML T 5,

Chen et al. (2012) | HIFREE 72 Necessitation % iiii7z L. 7> unawareness
{# B F 2% Plausibility % W5 7z 37 7% & (X . Negative Introspection & AU
Introspection & KU Introspection 23 [FfHE T & %, % 7z L DRIE DT 2

Monotonicity & Truth 237z T 4L T\ 5 7x b X, Negative Introspection (¥ AU
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Introspection & [FfETH 5, A DETNMICHRWT, X =P D& X, Negative
Introspection & AU Introspection (£ & 9 H TH o7z, X HIT, Modica and
Rustichini (1994) |3 Negative Introspection & Symmetry 23[F{ECTH 5 Z & %
N L72, fiEo T, F4 1 Chenetal. (2012) & Modica and Rustichini (1994) O

FTHEEHAZUTOX > iIi—fbd3 2L 03TE 3,

Theorem 2 In any constructive Aumann structure, the following are equivalent.
1. X=P.

2. Negative Introspection if and only if AU Introspection if and only if Symmetry.

Proof. (1 = 2) Suppose that X = P. Then, by Proposition 3, Negative Introspection
holds. Moreover, by Proposition 5, AU Introspection and Symmetry hold.

(2 = 1) Suppose that Negative Introspection, AU Introspection and Symmetry are
equivalent. Here, assume that X # P. Then, by Proposition 3, Negative Introspection
does not hold, and by Proposition 6 and Proposition 7, Symmetry does not hold.
However, by Proposition 6 and Proposition 7, AU Introspection holds. This contradicts

that the three properties are equivalent. Therefore, X = P. m

RIZICE 4 13 Fukuda (2020) & DBAfRICOWTEZE L X 5, %% non-trivial
unawareness |XIEEIFIREEZERE T v ECilimT 2 2 e TR LT L b,

Necessitation & AU Introspection [E]32 L 722 & /8 L7z, $#E- T, 235
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fiii L 72 X 9 1T Necessitation 23jii7z X415 b & T AU Introspection 3% Y 3772
72\ 78 © IE. non-trivial unawareness X ikam 9 4 T & TE S5, ¥72. AU
Introspection D flH » & L T Reverse AU Introspection (Ux(E) 2 UyUx(E)) %
REL 7z, BITLAT O %45 L7z, —2I% AU Introspection |% non-trivial
unawareness D ki IC LR RN & 3 £ L TDH H—21F AU Introspection 2%
O L 77 S0, GEEI) IRAEZZfEE 7 v 1% awareness of unawareness %
KEFT LB TELILTHD, MR ADET LTI, UERMFKEDOE
B L e\ & & A DE T LITHW T, Reverse AU Introspection & Non-
triviality 23372 L 72\ FEARDBEARMEO —FH 2 CTE 20t d 20b b 1,
4 DE T ViE AU Introspection % EH 7 Tl b, ZDEWVI

Fukuda (2020) & Afa& ORICE AL 2P ET 2 L 2 EBKT 5,

5. Conclusion
AFNTIREZE RN TR TH 5 £ 9 72 constructive Aumann structure 1Z 2 > C
iam L 72 Heifetz etal. (2006), Li (2009) & i3xfi&MyIC, A4 DET AT A
ICERIREEMOELTRIILEL L, L Lo, EUER R IRIEZER b
Bdd0r—2 3By, kA DET NI Heifetzetal. & Li DT LD X
CEEEET AV CTH D, HL, A DET VIRV T, B 2 RAEZERH Lo
A CIREE X, B2 @iEE b o, SN FEBNIREZERICH T 2 REo M
ITIRREZE ] D fth D IRTFE & DBIRITIRTF T 5,

BADETNIIHE—FIRETALTH Y HREFFICOWTITERL d o 72,
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Lo L7%ah b, FA Dffiamid Proposition 6-7 & Remark6 TR L7z X 95 1C, &
Tt coffims ik 2, % EhE T A LEBEREICR VT o EE 235807
LZawnrd L7z,

F#IC, Symmetry & non-trivial unawareness DL I A A[RETH 5, FEfTHIE
BZOMEZAMNT 205 LLBRELTWZDICHNL T, KiffFETi
Symmetry & Non-triviality O M. AA[RELEZEEA L 72, $2 4 231G L 72 #5 5%
(Reverse Symmetry) D EE L, FHRPEFET 5 2 L3 TE 2 HR L FHRPFAH
THLILEHNTERVRNFERE ORFREZFEMT ~E TI AL I T Lk,
unawareness % igam 3 5 & . BRAHGMELICRN T 5 S5 IFHO BRA R ITNIT R S
BTWEEITLETH S,

KHEEYIC, constructive state space, HMS-state space, Li-state space (X [FIfii CH
h. oA L Dekel et al. (1998) DFHF D —fikf.-CdH % Theorem 1 & Chen
etal. (2012) DFER D it TH % Theorem?2 ZFFHHL 7z, ZhizFwLDET
L Heifetz et al. (2006) & Li(2009) @ unawareness structure & FF57 & Ik RE
ZERlE TV OHREICAET 5 L 2 EWKT 5,

JefTH5E1C X, unawareness % o 7z ZEPUHEH (e.g., Karni and Viers 2013,
2017, Piermont 2017) ; unawareness % f o 7z tH A AEFHIRIL (e.g., Auster 2013,
Heifetz et al. 2013a, and Galanis 2013, 2018) ; games with unawareness (e.g., Heifetz
et al. 2013b, Halpern and Régo 2014, Perea 2018, and Feinberg 2020) 235 %, 5
DIFFEERE L L <, 5l % > 72 Aumann structure ZEAT 2 ETH A

o Bz iX., ¥4 DT L% Bayesian game with unawareness ~~ & #/H 3 2 /5
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EEF 5B, Sadzik (2021), Meier and Schipper (2014) 1% Bayesian game with
unawareness % ifiifi L 72, Sadzik (3 Heifetzetal. (2006) D€ 7 /L IZHE-D s THfE
RGO W T L. normal-form game with unawareness 1ICHF 5 X4 &
7 i % EFE L 72, Meierand Schipper 13 Heifetzetal. (2013a) @ & T LI HE

DWTHERINE S ZdaGm L. ~A YT VIl2ER L. ZOFELRAML 72,

e

SO EE & LT, el 21 - 72 Aumann structure 123520 W THERTY

f§& % #%im L . Bayesian game with unawareness ICZ W BEH T2 2 & 3% 1T 5

<
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