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Abstract 
  In this paper, we study the dynamic properties of a wage-led economy and a profit-led 
economy by using an analytical framework of the high-dimensional dynamic Keynesian 
model. An economy in which the aggregate effective demand is an increasing function of 
the real wage rate is called the ‘wage-led’ economy, while an economy in which the 
aggregate effective demand is a decreasing function of the real wage rate is called the 
‘profit-led’ economy. We adopt an approach with two Phillips curves, which implies that 
the wage Phillips curve and the price Phillips curve are distinguished, and the dynamic 
movement of the real wage rate is governed by these two Phillips curves. We investigate 
the dynamic stability, instability, and the occurrence of cyclical fluctuations analytically 
and show that the dynamic properties of these two economies are very different. We also 
present some numerical simulations which support our analytical results. 
 
Key words : wage-led economy, profit-led economy, high-dimensional dynamic 
Keynesian model, two Phillips curves, stability, instability, cycles 
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1. Introduction 
  In this paper, we study how the changes of the real wage rate affect the 
macroeconomic stability or instability theoretically by using a high dimensional 
Keynesian macrodynamic model with two Phillips curves. Following the procedure by 
Asada, Chen, Chiarella and Flaschel(2006), we formulate the wage Phillips curve and 
the price Phillips curve separately, and study the stabilizing and the destabilizing 
effects of the changes of the real wage rate, the results of which depend on the difference 
of the adjustment speeds of wages and prices. The important conclusion in our analysis 
is that the dynamic properties of the macroeconomic system crucially depend on 
whether the economy is the ‘wage-led’ or the ‘profit-led’. 
  An economy in which the aggregate effective demand is an increasing function of the 
real wage rate is called the ‘wage-led’ economy, and an economy in which the aggregate 
effective demand is a de easing function of the real wage rate is called the ‘profit-led’ 
economy.

cr

                                                 

1 In our model, the increase of the real wage rate induces the increase of the 
real consumption expenditure, but it induces the decrease of the real investment 
expenditure. The economy becomes the ‘wage-led’ if the effect on the real consumption 
expenditure is relatively strong, and it becomes the ‘profit-led’ if the effect on the real 
investment expenditure is relatively strong.  

We show under certain conditions that the relatively high speed of wage adjustment 
compared with the speed of price adjustment has a destabilizing effect in a wage-led 
economy, while the opposite conclusion is obtained in the profit-led economy. This 
means that the flexible wage combined with the sticky price has a destabilizing effect in 
a wage-led economy, while it has a stabilizing effect in a profit-led economy. 
  This paper is organized as follows. In section 2, two Phillips curves approach due to 
Asada, Chen, Chiarella and Flaschel(2006) is summarized. From section 3 to section 5, 
other building blocks of our model are introduced step by step. In section6, it is shown 
that our model can be reduced to five dimensional nonlinear differential equations, and 
the properties of the equilibrium solution of this system are studied. In section 7, we 
study the out of equilibrium dynamics of the system. We investigate the dynamic 
stability, instability, and the existence of cyclical fluctuations under the ‘wage-led’ and 
the ‘profit-led’ assumptions. In section 8, we present some numerical simulations which 

 
1 The distinction between the ‘wage-led’ economy and the ‘profit-led’ economy was 
introduced by the economists of French ‘regulation school’ such as Aglietta and Boyer 
for the first time. See, for example, Aglietta(1979) and Boyer(1990). The related papers 
in the context of static and dynamic macroeconomic analyses are Bhaduri and 
Marglin(1990), Marglin and Bhaduri(1990), Chen, Chiarella, Flaschel and Hung(2005), 
Asada, Flaschel, Jaeger and Proańo(2007), and Bhaduri(2008). 

 2



support the analytical results in section 7. Section 9 is devoted to the economic 
interpretation of the results which were obtained both analytically and numerically in 
sections 7 and 8. Complicated and lengthy proofs of two main propositions are relegated 
to the mathematical appendices. 
 
 
2. Two Phillips curves approach : Wage and price Phillips curves 
  In this section, we summarize the ‘two Phillips curves’ approach which was 
introduced by Asada, Chiarella, Flaschel and Franke(2003) and Asada, Chen, Chiarella 
and Flaschel(2006). In this approach, the wage Phillips curve and the price Phillips 
curve are formulated separately as 

  c
www ppeeww πκκβ )1()/()(/ −++−= &&        (1) 

  c
ppp wwuupp πκκβ )1()/()(/ −++−= &&         (2) 

where the meanings of the symbols are as follows.  
=w nominal wage rate. =p price level. labor supply. =sN =N labor employment. 

=s rate of employment = 1 – rate mployment.= NNe / of une  =e ’natural’ rate of 
employment ).10( ＜＜e  =Y actual real output level (actual real national income). 

== KyY pp u el in case of full capacity utilization of capital stock. real outp t lev
=K real capital stock. =py output-capital ratio in case of full capacity utilization of 

umed to be a positive constant. == KYy / actual 

output-capital ratio. ==== ppp yyKyYYYu /)/(/ rate of capac
capital stock. 

capital stock, which i

utilization of 

s ass

ity 
=u ’norm  capital stockal’ rate of capacity utilization of ).10( ＜＜u  

  The variabl cπ  is called ‘inflation climate’ by Asada, Chen lle , Chiare a and 

Flaschel(2006). W assume that ,e wβ  ,pβ  ,wκ  and pκ  are parameters such that 

,0＞wβ  ,0＞pβ  ,10 ＜＜ wκ  and .10 ＜＜ pκ  Later we shall treat wβ  and pβ  as 

bifurcation parameters. A do he symbol ・ e with respect to 

) is the equation of ‘wage Phillips curve’, which means that the rate of increase 

t over t  ( ) denotes the derivativ
time.  
  Eq. (1
of nominal wage rate )/( ww&  depends on the rate of employment )(e  and the 
weighted average of the a rice rate of inflation )/( pp&  and the ‘inflation climate’ 

).( cπ  Eq. (2) is the equation of ‘price Phillips curve’, w eans that pp /&  depends 
e rate of capacity utilization of capital stock )(u  and the weigh verage of 

ctual p

hich m
on th ted a
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ww /&  and .cπ  These two equations reflect the adj ment of disequilibrium in the 
marke d the goods market respectively.  

The ‘inflation climate’ is intimately related to the

ust

 concept of ‘expected rate of inflation’, 
bu

model. assum

 by using the matrix form. 

  

labor t an

t these two concepts are somewhat different. In this model, it is assumed that the 
economic agents know the correct values of the current rates of price and wage inflation 

pp /( &  and )./ ww&  In this sense, the ‘perfect myopic foresight’ is assumed in this 
2 It is ed, however, that the economic agents do not base their behavior 

only on the current rate of inflation but they base it also on the ‘inflation climate’ that is 
influenced by the intermediate run or long run inflation forecast. We shall specify the 
way of the formation of ‘inflation climate’ later. 
  We can rewrite equations (1) and (2) as follows

⎥
⎥
⎦

⎤⎡ −+−⎤⎡⎤⎡ − ceeww πκβκ )1()(/1 &

⎢
⎢
⎣ −+−

=⎥
⎦

⎢
⎣
⎥
⎦

⎢
⎣−

c
pp

ww

p

w

uupp πκβκ )1()(/1 &
     (3) 

Solving this system of equations, we obtain the following reduced forms of the wage and 

  

price Phillips curves. 

1
1

/
1)1()(

)1()(
/
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c
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w
c

ww

uu
ee

ww
κ

κ
πκβ

κπκβ +−
−

−

−+−
−−

=&  

       c
pww uuee πβκβκ +−+−= )}()({           (4) 

  
1

1
/

)1()(
)1()(1

/
p
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c

ppp

c
ww

uu
ee
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κ

κ
πκβκ
πκβ

−
−

−+−−
−+−

=&  

       c
pwp uuee πββκκ +−+−= )}()({        (5) 

where .1)1/(1 ＞pwκκκ −=  

  From equations (4) and (5), we have the following equation that describes the 
dynamic of the real wage rate ,/ pw=ω  which is independent of the inflation climate 

.cπ  

  )}()1()()1{(/// uueeppww pwwp −−−−−=−= βκβκκωω &&&      (6) 

                                                 

 
 

 
2 The term ‘perfect myopic foresight’ is due to Burmeister(1980). 
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3. Dynamics of rate of capacity utilization and rate of employment 
 utilization and the 

g 

  In this section, we formulate the dynamics of the rate of capacity
rate of employment following the tradition of the ‘dynamic Keynesian model’ that is due 
to Asada, Chiarella, Flaschel and Franke(2003), Asada, Chen, Chiarella and 
Flaschel(2006), and Asada(2006), which is based on the principle of effective demand. 
  First, we suppose that the dynamic of production is governed by the followin
Keynesian ‘quantity adjustment’ process that is due to Asada(2006). 

  )(][ yhgc
K

YGICy −++=
−++

= αα&  ; 0＞α      (7) 

== KI & real private investment real private consumption expenditure, where =C
expenditure, =G real government expenditure, == KCc eal private consumption 
expenditure p apital stock, === KKKIg // & vestment (rate of capital 
accumulation), == KGh / real diture per capital stock.

/ r
ate of in

government expen

uygc pp −++  ; 

er c r
3 We can 

rewrite Eq. (7) nce the rate of capacity utilization of capital stock can be 
written as ./ pyyu =  
  /( hyu = α&

as follows si

))( ,0＞α  0＞py       (8) 
xt, by definition, we can exp  the labor emNe ress ployment as follows. 

  
a

KuyyKKKYN
p

===
aNY /

)/(
        (9) 

is the average l
e, we can

  (10) 

−+= )/() &        (11) 

ere is the growth rate of labor supp ch  assum d to be itive 
t for simpli

. Specifications of consumption function, investment function and government 

                                                 

where abor productivity, which is assumed as a constant.4 In NYa /=  
this cas  express the rate of employment as 
  )./()(/ sps aNKuyNNe ==        
Differentiating this equation with respect to time, we obtain the following law of the 
motion of the rate of employment. 
  NNKKuuee ss−+= /()/()/(/ &&&& nguu
wh ly, whi  is e  a posss NNn /&=  
constan city. 
 
 
4

expenditure 

 
3 In this formulation, we neglect capital depreciation and international trade for 
simplicity. 
4 We abstract from technical progress in this paper for simplicity. See, however, 
Asada(2006) as for a model of exogenous technical progress and Asada and Ouchi(2009) 
as for a model of endogenous technical progress in the similar analytical framework as 
that of the present model. 
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  W w three components of the effective demand  are 

ere 

e must specify ho hgc ,,
determined. First, let us consider the determinant of the consumption expenditure per 
capital stock ).(c  In this paper, we adopt the following hypothesis of Kalecki(1971)’s two 

class model. “Workers spend all of their wage income, and capitalists save all of their 
profit income”. In this case, we obtain the following type of consumption function. 

  aKuyayKaYNC p    (12) wwww /)1(/)1(/)1()1( ωτωτωτωτ −=−=−=−=

wh wτ  is the average tax rate on wage income, which is assumed as ns uch  a co tant s
that .10 ＜＜ wτ  We can rewrite this equation as 

  ./) pωτ=          (1(/ auyKCc w−= 13) 

, this ‘Kaleckian’ 

cify the investment function as follows. 

u

  Obviously consumption function has been derived under the very 
restrictive assumptions. We can easily generalize, however, this type of consumption 
function by introducing workers’ saving and capitalists’ consumption following the 
procedures by Kaldor(1956) and Pasinetti(1974). The essential point in our model is 
that the real aggregate private consumption expenditure becomes an increasing 
function of the real wage rate. For that purpose, we need not adopt Kalecki(1971)’s 
extreme assumption, but it is sufficient to assume that the average propensity to 
consume from the wage income is greater than the average propensity to consume from 
the profit income, although we adopt the simple Kaleckian consumption function (13) 
for simplicity. 
  Next, we spe

  ),,( ciugg πω −=  ; ,0/ ＞ugg ∂∂=  ,0/ ＜ωω ∂∂= gg  

             (14) 

 can rationalize this type of investment 
us

−
    (15) 

where 

0)(/ ＜c
i igg c π
π

−∂∂=
−

We function by using the following logic. Let 
 start from the following more conventional ‘Keynesian’ investment function, which is 

also consistent with Tobin’s q theory (cf. Yoshikawa 1980). 

  ),( ee irgg π−=  ; ,0/ ＞e∂∂=  −∂∂=r rgg e 0)(/ ＜e
i igg e π
π

=er expected rate of profit, =i nominal rate of interest, π expected rate of 
d r  let 

s. 

u ∂∂       (16) 

=e

price inflation, and =− ei π expecte eal rate of interest. Next, us introduce the 
following assumption

  ),( ωurr ee =  ; e = ,0/ ＞urr e 0/ ＜ωω ∂∂= ee rr
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         (17) 
  ected rate of profit 

ce ππ =     
Eq. (16) is an ‘animal spirit function’, which implies that the exp

 w
 policy is not the theme of the present paper.6

. Specifications of monetary policy rule, equilibrium condition of money market, and 
formation of inflation climate 

of nflation climate is formed. In this paper, we adopt the 

positively correlates with the current rate of the capacity utilization of capital stock that 
represents the influence of effective demand on expected profitability, and it negatively 
correlates with the current real wage rate that represents the influence of real cost on 

expected profitability.5 Eq. (17) means that the ‘inflation climate’ cπ  is adopted in 
place of the ‘expected rate of inflation’ eπ  in our model. Substituting equations (16) 
and (17) into Eq. (15), we obtain Eq. (14). 
  As for the government expenditure, e adopt the following simple assumption 
because the study of the fiscal stabilization
  == KGh / constant＞0           (18) 
 
 
5

  We can close our model by specifying the monetary policy rule, equilibrium condition 
 money market, and how the i

following specifications. 

  
⎩
⎨
⎧

−
−

=
/(,0max[

0)/(
pp

iifpp
i

πε
πε

&

&
&

＞
        (19) 

= 0)] iif

 ;  0/ ＜cc πφφ
π

∂∂=      (20)   YipM c ),(/ πφ= ,0/ ＜ii ∂∂= φφ

  )}/)(1(+)({ ccc pp πθππθγπ −−−= &&  ; ,0＞γ  0 1≦≦θ      (21) 
where ε  is a positive parameter, π  is the target rate of

 central bank, and 
 inflation that is adopted by 

the M  is nominal money supply. It is assumed that the central bank 
n

of t
is a simplified version of the Taylor 

announces the target rate of inflatio  to the public. 
  Eq. (19) is a version he monetary policy of the central bank by means of the ‘Taylor 
rule’ that is originated in Taylor(1993). In fact, this 
interest rate monetary policy rule which was formulated by Asada(2009), and we can 
consider that this is a kind of the inflation targeting monetary policy rule.7

Eq. (20) is the ‘LM equation’ that describes the equilibrium condition of the money 

                                                  
5 Similar hypothesis was adopted by Bhaduri and Marglin(1990) and Marglin and 

) as for the study of the macroeconomic stabilization policy by means of 

minal rate of interest is explicitly 

Bhaduri(1990). 
6 See Asada(2006
fiscal policy in the similar analytical framework. 
7 In this rule, the nonnegative constraint of the no
considered. 
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m

c uyipK πφ=   (22) 

π
3) 

where 

arket. The right hand side of this equation is the Keynesian money demand function. 
Since ,/ puyKYy ==  we can rewrite this equation as 
  ./( pM           ),()
Differentiating Eq. (22) with respect to time, we have the following expression. 

  )/()/()/()/( uuiigpp cc&& +−−+= ππηηµ  ; ,/ MM&=µ  KKg /&=   (2i c &&

i
i

i
i

i /
/

/
/

φ
φ

φ
φη ∂∂

−=
∂∂

=  and c

c

c

c

c
πφ
πφ

πφ
πφη

π /
/

/
/ ∂∂

−=
∂∂

=  are elasticities of the 

money demand with respect to the changes of the nominal rate of interest and the 

ormalization of a formation hypothesis of the ‘inflation climate’, which is 

inflation climate respectively. We can consider that Eq. (23) is a dynamic version of the 
‘LM equation’. 
  Eq. (21) is a f
a mixture of the ‘forward looking’ and the ‘backward looking’ or ‘adaptive’ formations. 
The parameter θ  is the weight of the ‘forward looking’ element. If the public strongly 
believes that the actual rate of inflation is governed by the target rate of inflation π  
that is announced by the central bank, we shall have .1=θ  On the other hand, w  
shall have 0=

e
θ  if the public does not believe the central bank’s announcement at all. 

Therefore, w  consider that the parameter e can θ  reflects the ‘degree of credibility’ of 
the inflation targeting by the central bank. 
 
 
6. Derivation of the fundamental dynamical equations and analysis of the long run 

   following five dimensional system of nonlinear differential 
equilibrium solution 
Now, we obtain the

equations, which constitutes a system of fundamental dynamical equations in our 
model. 

( i )  ),,()]()1()()1[( 1 eufuuee pwwp ωβκβκωκω =−−−−−=  

( ii )  

( iii )  

( iv )  

&

),,,(]/}),,({}1)/)(1[{( 2
cpc

w iufyhiuguau πωπωωτα =+−+−−=&  

),,,,(]),,(}/),,,([{ 32
ccc ieufniuguiufee πωπωπω =−−+=&  

⎩
⎨
⎧

=
=−+−+−

=
0)],,(,0max[
0),,(])}()({[

4

4

iifeuf
iifeufuuee

i c

cc
pwp

π
πππββκκε ＞&  
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( v )  ),,()}]()({)1()([ 5
c

pwp
cc eufuuee πββκκθππθγπ =−+−−+−=&   (24) 

Apart from the above five equations, we have the following additional equation from 
ons (5), (14) and (23). equati

  )/(),,()}()({ iiiuguuee ipwp ηπωπββκκµ −−++−+−=  

      cc uuππη +− &&

cc &

ieufc πω
π

=        (25) 

er, the system (24) is an independent closed system that is enough to determine 
s of five endogenous variables ω

e the dynamic of the growth rate of n

),,,,()/()/( 6
c

Howev
the dynamic ).,,,, ieu π  The only role of Eq. (25) is to 
determin ominal money supply 

( e

µ  endogenously, 

and there is no feedback mechanism from Eq. (25) to the system of equations(24). 
  If we neglect the nonnegative constrain inal rate of interest, we can 
determine the long run equilibrium solution *)*,*,*,*,*,( µπω cieu  f the system of 

equations (24) and (25) such that 0===== cieu πω &&&&&  by the following system of 

t of the nom
o

equations. 

( i )  )1)(
1

(* p
w yu

hna +
−

−
=

τ
ω     ( ii )  uu =*    ( iii )  ee =*  

( iv )  niug ,( =− )**, πω     ( v )  ππ === *)*/()*/( cwwpp &&  
( vi)  n+= πµ*          (26) 

  Let us assume as follows. 

ption 1.  
 
Assum hnyu p +＞  
 
  It is easy to see that we have 0*＞ω  under Assumption 1. Next, let us consider the 

equilibrium nominal rate of interest 
 The equilibrium real rate of interest 

.*i  determination of the 
 is uniquely determined by solving the  *ρ

equation .*)*,,( nug =ρω  Then n determine *i  as 
  

, we ca
.** πρ +=i                (27) 

nd only if the fo

If ,0*＜i  the economically meaningful long run equilibrium does not exist. We have 

0*＞i  if a llowing inequality is satisfied. 
                (28)   *ρπ −＞

This inequality is always satisfied if the target rate of inflation π  that is selected by 
ntral bank is sufficiently large, even in case of the ce  The deflationary-biased .0*＜ρ

central bank may, however, fail to satisfy this inequality. In this paper, we assume that 
the inequality (28) is in fact satisfied so that the economically meaningful long run 
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equilibrium point exists uniquely. 
  Incidentally, Eq. (26)( vi ) means that the equilibrium value of the growth rate of 
nominal money supply *µ  is determined by the target rate of inflation π  and the 
‘natural’ rate of growth ,n  and not the other way round. 

ta m point and the existence of 
cyclical fluctuations 

 Next, let us study the dynamic stability/instability of the economically meaningful 

th

 

⎦⎢
⎢
⎢

⎣ 555352

454342

35343231

00
00

fff
fff

      (29) 

where 

 
 
7. Dynamic stability/ins bility of the long run equilibriu

 
long run equilibrium point, the existence and the uniqueness of which were studied in 

e previous section. 
  The Jacobian matrix of the five dimensional dynamical system (24) at the long run 
equilibrium point becomes as follows. 

 ⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡

=
25242221

1312

0
0

000

ffff
ffff

ff

J     

⎥
⎥
⎥

,0)1(*12 ＜pwf βκκω −−=  ,0)1(*13 ＞wpf βκκω −=  

)],/(}/)1[{(21
p

w ygauf ωτα +−=  ],}/){()[/(22 u
p guhnyf ++−= α  

,0/24 ＜pi ygf cπ
α

−
=  ,0/ 2425 ＞fygf p

i c −=−=
−π

α  ],)/[( 2131 ωgufef +=  

],)/[( 2232 ugufef +=  ,0])/[( 2434 ＜ci
gufef

π−
+=  

,0])/[( 342535 ＞fgufef ci
−=−=

−π
 ,042 ＞pf εκβ=  ,043 ＞wpf βεκκ=  ,045 ＞ε=f  

,0)1(52 ≧pf κβθγ −=  ,0)1(53 ≧wpf βκκθγ −=  .055 ≦γθ−=f  

  The characteristic equation of this system becomes as follows. 

  0)( 54
2

3
3

2
4

1
5 =+++++=−=Γ bbbbbJI λλλλλλλ      (30) 

             (31) 
where  

,55221 fftraceJb −−=−=
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  =2b sum of all principal second-order minors of J  

     
5552423255 00000 fffff
2522242222

31

13

2221

12 00000
0

00 fffff
f

f
ff
f

++++++  

      

=

 
55

45

5553

35

43

34

0
00

0
0

f
f

ff
f

f
f

+++  

     ,
0

53354334
0

5225
0

5522422431132112
ororor
ffffffffffffff
+++−++−+−+−

−−−+−−−=         (32) 

sum of all third-order minors of         (33) 
  sum of all fourth-order minors of         (34) 

J−              (
It is worth to note that the Liénard-Chipart expression of the Routh-Hurwitz 

ons 

is
 means that the equilibrium 

em becomes 

Definition. 

( ),J    3 −=b
=4b ,J

  5b = 35) .det

conditions for stable roots implies that a set of conditi

  }5,,2,1{ Lj           (36)  for all ∈0＞jb

 a set of necessary (but not sufficient) conditions for the local asymptotic stability of 
the equilibrium point of the dynamical system (24).8 This

point of this syst dynamically unstable if we have 0＜jb  for at least one of 

}.5,,2,1{ L∈j  

  Now, we can define the ‘wage-led economy’ and the ‘profit-led economy’ formally as 
follows. 
 

  The economy in our model is called ‘wage-led’ if we have 0)(
＞

+
ω∂

+∂ hgc
 at the 

equilibrium point, and it is called ‘profit-led’ if we have 0)(
＜

ω∂
++∂ hgc

 at the 

                                                 

equilibrium point. 
 
  It is quite easy to prove the following result. 
 
Lemma. 

 
8 See Gandolfo(1996) Chap. 16. 
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  We have ayug p /)1( τ−＜  )0( ＞f  if anwω d only if the economy is ‘wage-led’, and 21

we have ayug p
w /)1( τω −＞  )0( 21＜f  if and only if the economy is ‘profit-led’. 

 pro ons for 
 of the equilibrium point. 

 
  Now, we can prove the following position concerning the sufficient conditi
local instability
 
Proposition 1. 
(1) Suppose that uhngu /)( +＞  and α  is sufficiently large. Then, the equilibrium 

point of the system (24) is locally unstable. 
at(2) Suppose th  θ  is sufficiently close to 0 and γ  is sufficiently large. Then, the 

nt of the syste  i
(3) 

equilibrium poi m (24) s locally unstable. 
Suppose that ε  is sufficiently small, the economy is ‘wage-led’  and ),0( 21＞f
furthermore suppose that .031＞f  Then, the equilibrium point of the system (24) is 

locally unstable for all sufficiently large values of 0＞wβ  when 0.＞pβ  is 

(4) 

fixed 

arbitrarily. 
Suppose that ε  is sufficiently small and the economy is ‘profit-led’ ).  Then, 
the equilibrium point of the system (24) is locally unstable for all sufficiently large 

values of 

0( 21＜f

0＞pβ  when 0＞wβ  is fixed arbitrarily. 

of. 
 case of (1), we have of (2), (3) and (4), we have 

 
Pro
  In In case In all of these 
ases, one of the necessary conditions for local stability is violated. □ 

d econ

 and furthermore 
) The sensitivity parameter of Taylor rule 

.01＜b  .02＜b  
c
 
  Next, we shall prove another proposition concerning the wage-le omy under the 
following set of assumptions. 
 
Assumption 2. 
(1) The economy is ‘wage-led’ )0( 21＞f .031＞f  

ε  is sufficiently large. 
ity of investment with respective to the capacity utilization  is so 

 and 

l rate of interest 

(2
(3) The sensitiv ug

small that we have 022＜f .032＜  f
(4) The sensitivity of investment with respect to the expected rea

 12



ci
g

π−
 is sufficiently small. 

(5) The ‘credibility’ parameter θ  is sufficiently close to 1 (including the case of ).1=θ  

 
Proposition 2. 

 satisfied andSuppose that Assumption 2 is 0＞pβ  is fixed arbitrarily. Then, ( i ) the 

equilibrium point of the system (24) is locally asymptotically stable for all sufficiently 
small values of ,0＞wβ  ( ii ) it is locally unstable for all sufficiently large values of 

,0＞wβ  and ( iii ) cyclical fluctuations around occur at some 
intermediate values of .0＞w

the equilibrium point 
β  

 
 See Appendix A. 

 
Proof. 

 Next, let us consider the properties of the profit-led economy under the following 

my is ‘profit-led
) The speed of adjustment in the goods market 

 
assumption. 
 
Assmption 3. 
(1) The econo ’ ).0( 21＜f  
(2 α  is sufficiently large. 

4), (5) in Assumption 2 are satisfied. (3) All of (3), (
 
Proposition 3. 
  Suppose that Assumption 3 is satisfied and ＞w 0β  is fixed arbitrarily. Then, ( i ) the 

quilibrium point of the system (24) is locally asymptotically stable for all sufficiently e

small values of ,0＞pβ  ( ii ) it is locally unstable for all sufficiently large values of 

,0＞pβ  and ( iii ) cyclical fluctuations around the equilibrium point occur at some 

intermediate values of .0＞pβ  

 
. 

at relatively low (high) values of 

Proof.  See Appendix B
 

  Proposition 2 implies th wβ  compared with pβ  has 
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a stabilizing (destabilizing) effect under some conditions in case of the ‘wage-led’ 

 In this section, we present the results of some numerical simulations which support 
he analytical conclusions in the previous section. Throughout this section, we adopt the 

.9

economy, while Proposition 3 implies that we have the opposite conclusion under some 
conditions in case of the ‘profit-led’ economy. 
 
 
8. Numerical simulations 
 
t
following parameter values

  ,10=α  ,3.0=γ  ,4.0=pκ  ,2.0=wτ  ,39.0=py  

,2.0=h  ,95.0=u  9.0=e             (37) 

rst, let us consider the case of the ‘w ge-led’ econ ith the following additional 
lues and the functional forms. 

  Fi a omy w
specifications of the parameter va

  ,8.0=θ  ,8.0 ,09.0 ,5.0=a  =n  =wκ  ,025.0=π  22.0=pβ    (38) 

  uauyc p           (w ωωτ 39.0/)1( =−= 39) 

     (

e parameter values 

   40) )}(7.037.07.0{28.0 08.0 ciug πω −−−=
 
Th  and ε wβ  are not yet specified. In fact, this numerical 
exa nomy, because we have 0128.021 ＞≅f  at the mple corresponds to the ‘wage-led’ eco
quilibrium point in this case (cf. Lemma in the previous section). 

 o
e
  The long run equilibrium solution f this system becomes as follows. 
  ,217.0* ≅ω  ,95.0* == uu  ,9.0* == ee  ,447.0* ≅i  

025.0)*/(* === ππ ppc &          (41) 
 the alternative 

cifications f the parameter values 
  Figures 1 – 4 are the results of the simulations of this system with
spe o ε  and  wβ under the following initial 

conditions. 
  ,1.0*)0( −= ωω  ,1.0*)0( −= uu  ,1.0*)0( += ee   

,05.0*)0( += ii  1.0*)0( −= cc ππ           (42) 
 

Next, let us consider the ‘profit-led’ economy with the following specifications. 

                                                  
9 The purpose of this section is not to present the quantitatively realistic numerical 
examples but only to visualize and illustrate the qualitative conclusions which were 
obtained analytically in the previous section. 
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  ,95.0=θ  , ,05.03=a  ,02.0=n  =wκ  ,03.0=π  22.0=wβ   

) 

{28.0 .0 ciug πω −−−=        

e parameter values 

(43) 

uauyc w ωωτ 104.0/)1( =−=           (44  p

  0 08   (45) )}(5.051.085.

Th ε  and  are not yet specified. In fact, this numerical example pβ

cor because w  01responds to the ‘profit-led’ economy,  e have 021 ＜544.−≅f  the 
em

on of this system becomes 

 at
equilibrium point in this case (cf. L ma in the previous section). 
  The long run equilibrium soluti as follows. 
  ,523.1* ≅ω  ,95.0* == uu  ,9.0* == ee  ,026.0* ≅i  

  03.0)*/(* === ππ ppc &            (46) 
ystem with the 

specifications of the pa

  Figures 5 – 8 are the results of the numerical simulations of this s

alternative rameter values ε  and pβ  under the following 

initial conditions. 
  ,1.0*)0( −= ωω  ,1.0*)0( −= uu  ,1.0*)0( += ee  

  ,35.0*)0( += ii  cc ππ            (47) 
 

1.0*)0( −=

 
Figures se line ca ‘profit 1 and 5 represent the ba ses of the ‘wage-led’ and the -led’ 

conomies respectively. In both cases, the limit cycles around the equilibrium points 
ccur.  

e
o

Comparison of Figures 1 – 3 suggests that the increase of the speed of wage 

adjustment )( wβ  at the given speed of price adjustment )( pβ  tends to destabilize the 

sy
 the 

stem as well as shorten the period of the business cycle in case of the ‘wage-led’ 
economy. On other hand, comparison of Figures 5 – 7 suggests that the increase of 

pβ  at given wβ  tends to destabilize the system although there is no obvious tendency 

to affect the period of the business cycle in case of the ‘profit-led’ economy. These 
ervations a  consistent with Propositions 2 and 3 in the previous section. 

 Figures 3 and 4 as well as comparison of Figures 7 and 8 
suggests that the monetary authority(central bank) can stabilize the unstable 
macroeconomic systems by choosing the sufficiently high speed of respons

obs re
  Incidentally, comparison of

e )(ε  of 

inflation targeting in a Taylor monetary policy rule in both of the ‘wage-led’ and the 
‘profit-led’ economies. 
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Figure 1. The ‘wage-led’ economy )0128.0( 21 ＞≅f  with ,4.0=ε  .22.0=wβ  
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Figure 2. The ‘wage-led’ economy )0128.0( 21 ＞≅f  with ,4.0=ε  .06.0=wβ  
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Figure 3. The ‘wage-led’ economy )0128.0( 21 ＞≅f  with ,4.0=ε  .55.0=wβ  
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’ economy )0128.0( 21 ＞Figure 4. The ‘wage-led ,55.0=ε  .55.0=wβ  ≅f  with 
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Figure 5. The ‘profit-led’ economy )0544.10( 21 ＜−≅f  with ,25.0=ε  .16.0=pβ  
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Figure 6. The ‘profit-led’ economy )0544.10( 21 ＜−≅f  with ,25.0=ε  .10.0=pβ  
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Figure 7. The ‘profit-led’ economy )0544.10( 21 ＜−≅f  with ,25.0=ε  .18.0=pβ  
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 9. Economic interpretation of the analytical and numerical results 
 In this final section, we shall try to give an economic interpretation of the results 
hich were obtained both analytically and numerically in this paper. 
 Proposition 1 (1) means that the equilibrium point becomes dynamically unstable if 
he sensitivity of investment with respect to the changes of the rate of capacity 

utilization of capital stock sufficiently strong because of the following 

destabilizing positive feedback mechanism. 
 
“ Increase(d  capacity utilization rise(fall) of the rate of 

city utilization due 

 
w
 
t

 is  )( ug

ecrease) of the rate of ⇒  
investment ⇒  further increase(further decrease) of the rate of capa
to the increase(decrease) of the effective demand.” 
 
  Proposition 1 (2) means that the equilibrium point also becomes unstable if the 
credibility of the central bank’s inflation targeting )(θ  is so small that the formation of 

inflation climate is highly backward looking(adaptive) and the speed of adjustment of 
inflation climate )(γ  is sufficiently high because  the following destabilizing positive 

edback mechanism, which is called ‘Mundell effect’(cf. Asada 2006 and Asada, Chen, 

crease(increase) of the expected rate 
f interest rise(decrease) of the ra tment increase(decrease) of the 

te.”

of

fe
Chiarella and Flaschel 2006). 
 
“ Increase(decrease) of the inflation climate ⇒  de

 ⇒  te of inves ⇒  o
actual rate of inflation because of the increase (decrease) of the effective demand ⇒  
further increase(further decrease) of inflation clima  
 
  Proposition 1 (3) and Proposition 2 assert under some conditions that in a ‘wage-led’ 
economy, (1) relatively high speed of wage adjustment in the labor market )( wβ  

combined with relatively low speed of price adjustment in the goods market  is a )( pβ

destabilizing factor of the system, (2) relatively low wβ  combined with relatively high 

pβ  is a stabilizing factor of the system, and (3) cyclical fluctuations occur at some 

intermediate speeds of adjustment of wages and prices. In particular, we can express 
he destabilizing positive feedback mechanism of the wage-led economy in Proposition 1 

“ Increase(decrease) of the real wage rate rise(fall) of the rate of employment and 

t
(3) schematically as follows. 
 

⇒  

 24



the rate of capacity utilization due to the increase(decrease) of effective demand ⇒  
both of nominal wage rate and price level rise(fall), but the further increase(decrease) of 
he real rage rate is induced because of the relatively high speed of wage adjustment 

pared with the speed of price adjustment.” 

  On the other hand, Proposition 1 (4) and Proposition 3 assert under some conditions 

that in a ‘profit-led’ economy, (1) relatively high 

t
com
 

wβ  combined with relatively low pβ  

is a stabilizing factor of the system, (2) relatively low wβ  combined with relatively 

high pβ  is a destabilizing factor of the system, and (3) cyclical fluctuations occur at 

some intermediate speeds of adjustment of wages and prices. In particular, we can 
express the destabilizing positive feedback mechanism of the profit-led economy in 
Proposition 1 (4) as follows. 
 
“ Increase(decrease) of the real wage rates ⇒  fall(rise) of the rate of employment and 
the rate of capacity utilization due to the decrease(increase) of effective demand  
both of nominal wage rate and price level fall(rise), but the further increase(decreas
the real wage rate is induced because of the relatively low speed of wage adjustment 

pared with the speed of price adjustment.”  

  In section 8 of this paper, we presented some numerical simulations which support 
the above conclusions which were derived analytically. 
  Incidentally, in a popular textbook inte

 ⇒
e) of 

com
 

rpretation of Macroeconomics, usually the 
egative correlation between the real wage rate and employment is derived by using a 

o t
te

of the negative correlation 
etween the real wage rate and employment depends only on the supply side condition 

competition is not assumed 

n
postulate that “the real wage rate is equal t he marginal product of labor”, which was 
called the ‘first postulate of classical economics’ by Keynes(1936). This postula  
depends on the behavior of the price taking perfectly competitive firms which try to 
maximize their profit subject to diminishing returns neglecting the constraint of 
effective demand. In other words, the textbook interpretation 
b
of the perfectly competitive firms. In our model, however, the ‘first postulate of classical 
economics’ does not apply, because in our model the perfect 
and the constant returns are assumed. 

Unlike the ‘classical’ model, in our model both of positive correlation and negative 
correlation between the real wage rate and employment are possible due to alternative 
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demand side conditions rather than the supply side conditions. In fact, in our model the 
positive correlation between these variables applies in case of the ‘wage-led’ economy, 
while the negative correlation applies in case of the ‘profit-led’ economy because of the 
different effects of the changes of the real wage rate on the effective demand.10 We 
cannot say a priori which case applies in the real economy. At least theoretically, both 
cases are possible. 11  Incidentally, our analysis in this paper suggests that the 
appropriate monetary policy by the central bank can stabilize the macroeconomic 
system even if there are some destabilizing factors due to wage or price adjustment 
w

P

ported by the Japan 
ociety for the Promotion of Science (Grant-in Aid (C) 20530161) and Chuo University. 
eedless to say, however, only the authors are responsible for possible remaining errors. 

D 09(The 6th International Conference on Nonlinear 

hich are peculiar to the ‘wage-led’ or the ‘profit-led’ economies. 
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Appendix A : Proof of Proposition 2. 
( i ) First, let us consider the case of .1=θ  In this case, the Jacobian matrix in Eq. (29) 

in the text becomes as follows. 

                                                  
10 The same fact were already pointed out by Bhaduri and Marglin(1990), Marglin and 
Bhaduri(1990), and Bhaduri(2008). See also Chen, Chiarella, Flaschel and Hung(2005) 
and Asada, Flaschel, Jaeger and Proańo(2007). 
11 Harada and Egawa(2003) presented an empirical analysis of the Japanese economy 
under the ‘deflationary depression’ in the 1990s, which supports the hypothesis that 
“the crash of the nominal wage rigidity and the price deflation due to the 
deflationary-biased monetary policy of BOJ(Bank of Japan) aggravated the ‘great 
stagnation’ of the Japanese economy in the 1990s.” If their empirical analysis is correct, 
we can conclude that the Japanese economy in this period was the ‘profit-led’ economy. 
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characteristic equation (A2) has a negative real root
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hat the Routh-Hurwitz conditions for stable roots of the 
characteristic equation (A4) are given by the following set of inequalities (cf. 

hematical appendix of Asada, Chiarella, Flaschel and Franke 2003). 

   for all 

   It is well known t

mat

 0＞ja },4,3,2,1{∈j  02
34

2
1321 ＞aaaaaa −−=Φ      (A9) 

   Inequalities (A5), (A7) and (A8) mean that the conditions  and 
always satisfied irrespective of the value of th rameter 

,01＞a  ,03＞a 04＞a  
 unare e pa 0＞wβ der 

Assumption 2 (1), (2), (3). On the other hand, Eq. (A6) means that we have 02＞a  
for all sufficiently small values of .0＞wβ  By the way, we can write that 
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   Eq. (A11) and inequality (A15) mean that we have 0)0( ＞Φ′  for all sufficiently large 

values of .0＞ε  Therefore, all of the Ro itions of the four 
dimensional system (A9) are satisfied 

uth-Hurwitz cond
for all sufficiently small values of 0＞wβ  

under Assumption 2 (1), (2), (3). This means that all of the roots of the ch
e text have negative real parts under n 2 (1), (2), (3) in 

case of 

aracteristic 
equation (30) in th Assumptio

.1=θ  
real parts even if 

By continuity, however, all of the roots of Eq. (30) still have negative 
,1＜θ  as long as θ  is s

proof of Proposition 2 ( i ). 

ufficiently close to 1. This completes the 

( ii ) First, let us consider the case of 1=θ  and ci
g

π−
 is so small that we have 

0)1(* 3431 ＜pp ff εκκω
−+

−−− (note that we have ).0lim 340
=

→
−

f
ci

g
π

 In this cas  

have 02＜a  for all sufficiently large values of 0＞w

e, we

β  under Assumption 2 (1), 

which means that one of the necessary conditions of the local stability is violated for 
all sufficiently large values of ＞w .0β  By continuity, this conclusion also applies to 
the case of ,1＜θ  as long as θ  is sufficiently close to 1. This completes the proof of 

 ( ii ) that there ex

point’ at which the r  root becomes 

ntally

Proposition 2 ( ii ). 
( iii ) It follows from Proposition 2 ( i ) and ists at least one ‘bifurcation 

eal part of at least one zero, by continuity. 

Incide , we have 

,00＞wβ  
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   0)(detdet)0( 4JJJ γ=−=−=Γ        (A16) 

in case of 1=

＞

   θ  from Eq. (30) in the text, equations (A1), (A3), and (A8). Therefore, 
by continuity, we have 0det)0( ＞J−=Γ  even if ,1＜θ  as long as θ  is sufficiently 
close to 1. This means that the characteristic equation 0)( =Γ λ  does not have the 

real root su 0=ch thatλ , so that at least one pair of pure imaginary roots exist at 
the ‘bifurcation point’. If the characteristic eq  pair of pure 

such

f the

int, and the e
se, howev

 
 
Ap
( i

uation has only one

imaginary roots at  a point is a ‘Hopf bifurcation’ point, and the ,0
ww ββ =  

existence o  closed orbits is ensured at some range of the parameter values which 

are sufficiently close to wβ (cf. Gandolfo 1996 Chap. 25). If the characteristic 

equation has two pairs of pure imaginary roots at ,0
ww ββ =  such a point is not 

Hopf bifurcation po xistence of the closed orbits is not necessarily 
ensured. Even in this ca er, the existence of the cyclical fluctuations at some 

range of the parameter values which are sufficiently close to 0  is ensured, 

because of the existence of two pairs of complex roots. □ 

pendix B : Proof of Proposition 3. 
 ) If ,021＜f  we automatically have .031＜f  Considering this fact, first, let us 

consider the case of .1=

0

wβ

θ  In this case, the characteristic equation (30) in the text 
has a negative real root ,5 γλ −=  and other four roots are determin  by Eq. (A4), 

where 

ed

            (B1)   0221 ＞
−

−= fa

   because of Assumption 2 (3), 

   wpppw ffffa βεκκωβεκωκ }){})1 3431242
−−

1(*(*[{ 21
−−

−−−+−−=   (B2) 

because of Assumption 3    (1), 

   0))(1(*)({ 222122243 ＞
−−+−−−+−

−
+−−++− ωπ

= κωεκβ gfgfgfgfe upiuw c    (B3) 

   because of Assumption 3 (1) and Assumption 2 (3), 

a
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−
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π
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operties. 

 (B4) 

   Now, we have the following pr

   0})1(*{lim 343120
＞wpp ffa

p

βεκκω
β −−→

−−−=          

3321034132100 +++→→→
a

ppp βββ
     (B6) 

  aaaE −=  

(B5) 
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ince mlim 340240
=
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   S li ,0=
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ff
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ππ

 we obtain 

   li ))(){1(*m 2131220 +−−−−→
+−−=

−

upw gfegeffE
ci

ωκωκβ
π

 

  

g

          }) 21/(){1(* 2122
+−−−

+−= pw ufef ugfeκωκβ

           0})({) 22()1(* 21 ＞
+−−

+−= upw fe gf αακωκβ       (B8) 

f α  is sufficiently large, because we have 0)(22 ＜
+−

+ ugf  if    i α α  is sufficiently 

uations (B6) – (B8) mean that we have large. Eq 0＞Φ  for all sufficiently small 

values of 0＞pβ  if α  is sufficiently large and ci−
g

π
 is sufficiently small, by 

continuity. In this case, all of the Routh-Hurwitz conditions for stable roots (A9) are 
satisfied. This proves the local stability of the equilibrium point for all sufficiently 

small values of 0＞pβ under Assumption 3 (1), Assum  (2), and Assumption 2 

(3) in case o .1

ption 3

f =θ  B  continuity, however, the loca bility is also ensured even 
in case of 

y l sta
,1＜θ  as long as θ  is sufficiently close t completes the proof of 

Proposition 3 ( i ). 

i ) First, let us consider the case of 1

o 1. This 

( i =θ  and ci
g

π−
 is so small that we have 
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0)1(* 2421 ＜εκω
−

− fw (note that we have ).0lim 240
f

−
− =

→
−

f
ei

g
π

 In this case, we have 

0＜a  for all suffi2 ciently large values of 0＞pβ  under Assumption 3 (1), which 

ocal sta

sufficiently large values 

means that one of the necessary conditions of the l bility is violated for all 

of .0＞pβ  By continu sion also applies to the 

,1＜

ity, this conclu

case of θ  as long as θ  is sufficiently This completes the proof of 

 ( ii ). 
i ) The method of the proof of Proposition 3 ( iii ) is almost the same as that of 
Proposition 2 ( iii ). □ 
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