Discussion Paper No.219

Mathematical Modeling of Financial Instability
and
Macroeconomic Stabilization Policies

Toichiro Asada

Faculty of Economics, Chuo University

March 2014

INSTITUTE OF ECONOMIC RESEARCH
Chuo University
Tokyo, Japan



Mathematical Modeling of Financial Instability and
Macroeconomic Stabilization Policies

Toichiro Asada
Faculty of Economics, Chuo University
742-1 Higashinakano, Hachioji, Tokyo 192-0393, Japan

E-mail : asada@tamacc.chuo-u.ac.jp

March 2014

Abstract.

In this paper, we formulate a series of mathematical macrodynamic models that
contribute to the theoretical analysis of financial instability and macroeconomic
stabilization policies. Two-dimensional model of fixed prices without active
macroeconomic stabilization policy, four-dimensional model of flexible prices with
central bank’s monetary stabilization policy, and six-dimensional model of flexible
prices with monetary and fiscal policy mix are considered in order. In the final section,

we provide an intuitive economic interpretation of the analytical results.
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1. Introduction

Minsky’s(1975, 1982, 1986) ‘inancial instability hypothesis’ implies that the
financially dominated capitalist economy is inherently unstable. His hypothesis has
been neglected for a long time by the mainstream economists, although it had a
considerable influence among the heterodox economists such as Post Keynesians.! But,
the situation dramatically changed soon after the worldwide financial crisis that was
initiated by the so called ‘subprime mortgage crisis’ in 2007 in the United States. Since
then, Minsky’s hypothesis was ‘rediscovered’ by some mainstream economists such as
Krugman.?

Minsky distinguishes three forms of investment financing, that is, ‘hedge finance’,
‘speculative finance’, and ‘Ponzi finance’. He defines these three financing forms as

follows.

“If realized and expected income cash flows are sufficient to meet the payment
commitments on the outstading liabilities of a unit, then the unit will be hedge
financing. However, the balance-sheet cash flows from a unit can be larger than the
expected income receipt so that only way they can be met is by rolling over or even
increasing debt; units that roll over debt are engaged in speculative finance and those

that increase debt are engaged in Ponzi finance.” (Minsky 1986, p. 203)

Minsky provides a description of the business cycle of the financially dominated
capitalist economy that is based on the endogenous changes of these three financing
forms, that is, Hedge finance—Speculative finance—Ponzi finance—~Hedge finance and
so on, which is called the ‘Minsky cycle’.

By the way, it is important to note that Minsky did not think that such an inherent
instability of the financially dominated capitalist economy is uncontrollable by the
government and the central bank. In fact, he stressed that it is important to ‘stabilize
an unstable economy’ by means of the proper macroeconomic stabilization policies by
the government and the central bank.3

In this paper, we consider how to stabilize an unstable economy theoretically by using

1 For the Post Keynesian-oriented theoretical literature on Minsky’s financial
instability hypothesis, see, for example, Asada(2001, 2004, 2012), Asada, Chiarella,
Flaschel, Mouakil, Proafio and Semmler(2010), Keen(2000), Nasica(2000), Pally(1996),
and Semmler(ed.)(1989).

2 See, for example, Eggertsoon and Krugman(2012) and Krugman(2012).

3 See Minsky(1986) and Asada, Chiarella, Flaschel, Mouakil, Proafio and
Semmler(2010).



the analytical framework of ‘high dimensional nonlinear Keynesian macrodynamic
model’ that was developed by Asada, Chiarella, Flaschel and Franke(2003, 2010) and
Chiarella, Flaschel and Franke(2005).4 In section 2, we formulate the basic Minskian
two-dimensional fixed price model of financial instability without active macroeconomic
stabilization policy. In section 3, we consider an extended flexible price four-dimensional
model with central bank’s monetary stabilization policy. In section 4, we study a further
extended flexible price six-dimensional model of the macroeconomic stabilization policy
by means of monetary and fiscal policy mix. Finally, in section 5, we provide an intuitive
economic explanation of the analytical results. Some complicated mathematical proofs

are relegated to the appendices.

2. Basic Model : Two-dimensional Model with Fixed Prices
The basic model that is the starting point of our analysis consists of the following

system of equations.s
d=¢g)-s,(r—id)—(g+m)d ;0<s, <1 )
y=alc+p(g)+v-y) 5 a >0 @)
g=g(r,p—7n°d) ; g. =0g/or>0, g, . =0g/0(r—x°) <0,
g,=0g/dd <0 @)

c=(=s){y-r+(-s)r—-z(y)}+1-s,)id +(1-s;)0b

;0<7,=7(y)<1,0<5<1,0<s5,=1,0<s, =1 (4)
r=P/K=p8Y/K=p ;0< <1 (5)
i=p+l(d)=i(p,d) 5 £(d)=0, i,=C'(d)>0for d >0 6)
m=1(y,p) ; [,=0l/0y >0, [,=0l/0p <0 (7)
r=r°=0 (®
p =constant>0 9)
v =constant >0 (10)

The meanings of the symbols are as follows. D =stock of firms’ nominal private debt.

p = price level. K =real capital stock. d = D/(pK) = private debt-capital ratio.

4 The ‘high dimensional’ dynamic model means the dynamic model with many(at least
three) endogenous variables.
5 This model is essentially based on Asada’s (2001) formulation.



7= p/p=rate of price inflation. 7° = expected rate of price inflation. g =K /K =
rate of capital accumulation. ¢(g) = adjustment cost function of investment that has
the properties ¢'(g) =1, ¢"(g) >0, which was introduced by Uzawa(1969). P =real
profit. »=P/K =rate of profit. i =nominal rate of interest that is applied to firms’

private debt. p =nominal rate of interest of the government bond. p —7° =expected

real rate of interest of the government bond. s, =firms’ internal retention rate that is

assumed to be constant. Y = real output (real national income). y=Y/K =
output-capital ratio, which is a surrogate variable of the ‘rate of capital utilization’ and
the ‘rate of labor employment’. G = real government expenditure. v=G/K =
government expenditure-capital ratio. B = stock of nominal government bond.
b = B/(pK) = government bond-capital ratio. ¢ =quantity adjustment speed of the
disequilibrium in the goods market. C = real private consumption expenditure.
¢ =C/K = private consumption expenditure-capital ratio. T =real tax. 7=T/K =
tax-capital ratio. §, = average saving rate out of wage and profit income after tax that
is assumed to be constant. s, =average saving rate out of interest on private debt that
is assumed to be constant. s, =average propensity to save out of interest on public debt
that is assumed to be constant. f = P/Y = share of profit in national income that is
assumed to be constant (0<  <1). M =nominal money stock. m = M /(pK) = money
stock-capital ratio. L =real money demand. /= L/K = money demand-capital ratio.
We can derive Eq. (1) as follows. The dynamic law of motion of the firms’ private debt

can be expressed by

D =¢(g)pK —s,(rpK —iD). (11)
On the other hand, by differentiating the definitional equation d = D/(pK) by time,
we have

dld=D/D-p/p-K/K=D/D-r—g. (12)

Substituting Eq. (12) into Eq. (11), we obtain Eq. (1).
Eq. (2) describes the Keynesian quantity adjustment process of the disequilibrium in
the goods market, which is called the dynamic multiplier process.6

Eq. (3) is the Keynesian type investment function that includes the Fisher’s(1933)

6 E=¢(g)K isthereal investment expenditure including the adjustment cost, so that
E/K =¢(g) isthe real investment expenditure including the adjustment cost per
capital stock. In this formulation, international trade is neglected for simplicity.



debt effect.?
Eq. (4) is the standard Keynesian type consumption function. In fact, it is assumed

that
C=(U-s)W+A-s,)P-T}+(-s,)iD+(l1-s;)pB, (13)

Y=W+P (14)
where W is the pre tax real wage income and P is the pre tax real profit. From these
equations we have Eq. (4).8

Eq. (5) simply says that the share of profit in national income S = P/Y is fixed,
which 1s supposed to be determined by the ‘degree of monopoly’ in the sense of
Kalecki(1971).

Eq. (6) captures the fact that i, the interest rate of the ‘risky assets’, will be higher
than p, the interest rate of the ‘safer asset’, and the difference between them will
reflect the degree of risk.

Eq. (7) is the equilibrium condition for the money market. The function [(y,p) is
the standard Keynesian real money demand function due to Keynes(1936).

Equations (8) — (10) imply that the price level is fixed and both of monetary and fiscal
policies are inactive. These assumptions will be relaxed step by step in the subsequent
sections.

We can rewrite the system of equations (1) — (10) as follows.

d = ¢(g(ﬁy’p’d))_Sf{ﬁy_l(pad)d} _g(ﬁyap’d)d = fl(d’y) (15.1)

y=ol(I=s){(l=s5,8)y —t(»)} + (1 =5,)i(p,d)d + (1-s;)pb

+o(g(By, p,d))+v—yl=of,(d, y,b) (15.2)
m=1(y,p) (15.3)

In this section, we assume that

7 Asada(2001) derived this type of investment function from the firms’ profit
maximization behaviors by using both Kalecki’s(1937) hypothesis of increasing risk of
investment and Uzawa’s(1969) hypothesis of increasing adjustment cost of investment,
which is called ‘Penrose effect’.

8 In this formulation, it is assumed that the household is the creditor to both of firms
and the government. Furthermore, it is assumed for simplicity that 7 =7/K is
independent of id and pb but it solely depends on y.Incidentally, a possible

formulation of the consumption function is

C=(—s){W+(1—s,)(P-iD)+iD-T}+(1~s,)pB.

In this particular case, we have s, =1—(1—s,)s, in Eq. (13).



s;=1 (16)
for simplicity of the analysis. In this case, equations (15.1) and (15.2) consist of the
two-dimensional subsystem of dynamic equations with respect to d and y that is

independent of Eq. (15.3). In such a case, Eq. (15.3) has the only role to determine the

endogenous movement of the variable m, which does not feedback to other subsystem.

In other words, this is a decomposable system.

We assume that this system has an equilibrium solution (d*,y*)>(0,0) such that

d= y=0. The Jacobian matrix of this system at the equilibrium point becomes as

follows.

Jl{f” f“} (17)
of oy

where
fi :8f1/6d:{¢'((()g)—d}<(gi§—g+sf((id)d+i), (18)
Ji=0f /0y =ﬂ{(¢'((<)g)— d)zg,)—sf}, (19)
o :6f2/6d:(1—s2)(fd)d+i)+¢;(()g)%%, (20)
So=0h/loy=>0-s)1-s,p-7)+Bd (g1 21

(CORNGED

JiSon = Sofa = _¢'((g)gd {(1- S1)Ty+ s(1- S‘fﬂ)} +(1=s,)(1, d + i)(ﬁsf —-dg,)

) (+) (+) (+)

+ﬂ¢;(<)g)<(gr){_g + (Sf +5, _1)(fd)d +i)}

+{—g+s,(, d+DH{(-s)(A-s,-7,)-1}. (22)
+) +)

Now, let us assume as follows.

Assumption 1.

f11<07 flz >0, f21<07 fzz >0, f11f22_f12f21>0-

These inequalities will in fact be satisfied if ¢'(g) and |g,| are sufficiently large at



the equilibrium point. Under Assumption 1, we have the following proposition.?

Proposition 1.

There exists a parameter value ¢, >0 that satisfies the following properties (1) — (3).
(1) The equilibrium point of the dynamic system (15) is Jocally stable for all « € (0,c,).
(2) The equilibrium point of the dynamic system (15) is Jocally totally unstable for all

a € (a,,+o).
(3) There exist the non-constant closed orbits around the equilibrium point for some

range of the parameter value «a that is sufficiently close to «,,.

(Proof.)

The characteristic root of this system at the equilibrium point becomes

A= -J|=2+ad+a,=0, (23)

where

a, =—(A4 +A4)=—traceJ, =— f,,— & f»,, (24)
) )

a, =LA =detd, = a(f, [, — fi./2) >0, (25)

and A,(j=1,2) are the characteristic roots of Eq. (23). Let us define

&y =—f1/ [, >0. (26)
=)

(1) Suppose that « €(0,¢,). Then, it follows from equations (24) and (25) that we
have 4, +4, <0and A4A, >0. This means that the characteristic equation (23) has
two roots with negative real parts, so that the equilibrium point becomes locally
stable.

9 In the models in this paper, the ump variables’ are not allowed for unlike the
mainstream ‘New Keynesian’ dynamic models that are represented by Woodford(2003),
Gali(2009) and others, but it is assumed that all initial conditions of the endogenous
variables are historically given. This means that we adopt the traditional notion of the
local stability/instability that is popular in the ‘Old Keynesian’ dynamic models
represented by Tobin(1994) as well as the ‘Post Keynesian’ models. That is to say, (1) the
equilibrium point is considered to be Jlocally stable if all characteristic roots have
negative real parts, and (2) it is considered to be Jocally unstable if at least one
characteristic root has positive real part, and (3) it is considered to be Jocally totally
unstable if all characteristic roots have positive real parts. As for the critical assessment
of ‘New Keynesian’ dynamic models, see, for example, Asada(2013), Asada, Chen,
Chiarella and Flaschel(2006), Asada, Chiarella, Flaschel and Franke(2010), Chiarella,
Flaschel and Semmler(2013), Flaschel, Franke and Proafio(2008) and Mankiw(2001).



Figure 1. Closed orbit through ‘subcritical’ Hopf Bifurcation
(o< ao)

Figure 2. Closed orbit through ‘supercritical’ Hopf Bifurcation s

(o> ao)
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(2) Suppose that a € (¢,,+»). Then, it follows from equations (24) and (25) that we
have A, + A, >0and A,A, >0. This means that the characteristic equation (23) has
two roots with positive real parts, so that the equilibrium point becomes locally

totally unstable.
(3) Suppose that a = a,. Then, we have 4, +4, =0 and A4, >0, which means that

the characteristic equation (23) has a pair of pure imaginary roots. Furthermore, we
have d(Red)/da >0 at the point o =¢q,, where ReA is the real part of A.
This situation is enough to apply the Hopf Bifurcation theorem so that it ensures
the existence of the non-constant closed orbits around the equilibrium point for

some range of the parameter value « that is sufficiently close to «,.10 []

Proposition 1 (3) means that the endogenous fluctuations occur for some intermediate
range of the parameter value «@. We can consider that this is a mathematical
expression of the ‘Minsky cycle’ that was proposed by Minsky(1975, 1982, 1986). Figures
1 — 3 are the graphical representations of such endogenous fluctuations.1!

Figure 1 illustrates an example of the closed orbit that is produced through
‘subcritical’ Hopf Bifurcation. In this case, the closed orbit exists in the region a < ¢,
and the closed orbit becomes unstable. Figure 2 illustrates an example of the closed
orbit that is produced through ‘supercritical’ Hopf Bifurcation. In this case, the closed
orbit exists in the region @ > ¢, and the closed orbit becomes stable.

In general, both types of bifurcation can emerge. The case of Figure 1 corresponds to
the ‘corridor stability’ that is described by Leijonfufvud(1973). In this case, the economic
system is immune from the relatively small shock, but it is vulnerable if the shock is
relatively large.

Figure 3 illustrates the time paths of two variables along the closed orbit, which
represents the ‘Minsky cycle’. The point M in this figure corresponds to the so called
‘Minsky moment’, which is a turning point between boom and recession. At this point,

vy begins to decrease, but d still continues to increase for a moment.

3. An Extension : Four-dimensional Model of Monetary Stabilization Policy with

Flexible Prices

10 See Gandolfo(2009) Chap. 24 for the exposition of the Hopf Bifurcation theorem.
11 From equations (15) we have y'(d)|d:0 =—(f,,/ f,) >0, y'(d)|y,=0 =—(f,,/15) >0,

and y'(d)|y=0 - y'(d)|d=0 =(f11So = fioS21)! fiof>, >0 at the vicinity of the equilibrium

point.

10



In the model of the previous section, it is assumed that the price level is fixed and the
central bank’s monetary policy is totally inactive. In this section, we relax these
assumptions. We replace the equations (8) and (9) in the previous section with the

following equations.
r=e(y-y)+z°; £>0, y >0 27

.:{ Bx-m)+p(y=5) i p>0
max[0, 4 (7 =7)+ fo(y =) i p=0

A= EF@-a)+(1=E)x—7)] 5 7 >0,0=& =1 (29)

Eq. (27) is the quite standard ‘expectation-argumented price Phillips curve’.

; B,>0, B,>0 (28)

Eq. (28) formalizes an interest rate monetary policy rule by the central bank, which is
a variant of the ‘Taylor rule’ type monetary policy that considers both of the rate of
inflation and the level of real output, which is a surrogate variable of labor
employment.12 In this formulation, the zero bound of the nominal interest rate is
explicitly considered. We can consider that this is a type of the flexible inflation
targeting monetary policy rule, and 7 is the target rate of inflation that is set by the
central bank.

Eq. (29) is a mixed type inflation expectation hypothesis. This is a mixture of the
‘forward looking” and the ‘backward looking’(adaptive) inflation expectations. In case of
£=0, itisreducedto 7°=y(xr—x°), which is a purely adaptive inflation expectation
hypothesis. On the other hand, in case of &=1, itisreducedto 7°=y(7 —7°), which
means that the publics’ expected rate of inflation gravitates towards the target rate of
inflation that is set and announced by the central bank. We can consider that the
parameter value & is a measure of the ‘degree of the credibility’ of the central bank’s
inflation targeting, so that we call it the ‘credibility parameter’.

The model in this section can be reduced to the following system of equations.13
d =dg(Py.p-n°,d) -5, {By—i(p,d)d}
—{gWy.p-7d)+e(y-y)+7°}d = F(d,y,7", p) (30.1)

y=o[(I=s){(=s,L)y—1(y); +(1=s5,)i(p,d)d +(1-s;)pb

12 For the original exposition of the ‘Taylor rule’, see Taylor(1993).
13 Equations (30.2) and (30.3) imply that y is a decreasing function of p—7z°, and
7¢ 1is an increasing function of y. In other words, this model is immune from the

notorious ‘sign reversals’ which are the peculiar characteristics of the ‘New Keynesian’
dynamic model (cf. Asada 2013, Asada, Chen, Chiarella and Flaschel 2006, Asada,
Chiarella, Flaschel and Franke 2010, and Mankiw 2001).

11



+o(g(Py,p—n,d))+v—yl=aF,(d,y,z°, p,b) (30.2)
7=y -7)+(1-Ee(y—y)]=F(y,7°) (30.3)
ﬂl(ﬂ'e—ﬁ)+(ﬂ18+ﬂ2)(y—y) lf ,0>'0
max[0, 5, (7 -7)+ (Be+ L)y -»)] if p=0

m=1(y,p) (30.5)

Also in this section, we assume that s, =1 for simplicity. In this case, the subsystem

p:ﬂ(y,ﬂe):{ (30.4)

(30.1) — (30.4) becomes an independent four-dimensional system of dynamic equations
with respect to d, y, 7° and p. In such a case, the role of Eq. (30.5) is only to
determine the value of m endogenously.

We can express the equilibrium solution (d*,y* 7%, p* m*) that satisfies the

condition d = y=7n°=p=0 as follows if we neglect the nonnegative constraint of p.

Fd*y,7,z*+7)=0 (31.1)
F,(d*y,m,z*+7)=0 (31.2)
T*=n*=7 (31.3)
y¥=y (31.4)
pr=z*+7 (31.5)
m*=1(y,z*+7) (31.6)

where z* isthe equilibrium real interest rate of the government bond.

We can determine the equilibrium values (d*,z*) from a system of the simultaneous
equations (31.1) and (31.2). Incidentally, p* becomes positive if and only if the
inequality

T >—z* (32)
1s satisfied. We assume that this inequality is satisfied. In fact, we assume that 7 >0
and z*>0.

Next, let us study the local stability/instability of the equilibrium point. The Jacobian

matrix of the system (30.1) — (30.4) at the equilibrium pointbecomes as follows.

£ Fy By By

J, = al, al’, aly;  aF,
0 ye(1-¢8) - O
0 pe+p, B0

We have F,, =0F /od = f,, -7, F,=0F/0y=f,+e&, F, =0F,/dd=f,, and
F,,=0F,/0y = f,,, where f,,, f., f,, and f,, are defined by equations (18) —

(33)

12



(21) in the previous section.
Let us suppose that Assumption 1 in the previous section is satisfied. Then, we obtain

the following set of relationships.

F,= fn 77 <0, F,=f,t&d >0, F, = f,, <0, F,, = f,, >0 (34)
(+) (=) (+)
F\Fy, — FLF = (fi1fo — Jiofo) — 7[ J(rz)z gdfn (35)

(+)

Other partial derivatives become as follows.

Fy=0F/0n" = {¢((§) dig, . (36)
N Q)

F, =0F /op = {¢(g) dyg, .+s.d (37

)

Fyy=0F,/0n" = ¢((<)g)g e (38)
RS

zg:agmp:@@g%f+a—%w+a—%m (39)

RN
By — ¢(g)[g() {(g+f)—(1—sf—sz)((if)d+i)}+d%§]
+(1- S)((id)d +l-g, ) (40)
* )

FLFy = FuF == ¢(g)g {(g+77)+(1_sf_52)((id)d+i)}
© *

+[{#(g)-d}ig,~(g+7)+5,(i; d + D{(1 - 5,)d + (1= 5,)b}

(+) ) (+)
+(dg, .—s,d)(1-5,)(i,d +i) (41)
(

-) (+)

We assume that the following assumption as well as Assumption 1 in the previous

section 1s satisfied.

Assumption 2.

F13 >0, F14 <0, Fz4 <0, Filez _Fizel >O’F11F23 _Fi3F21 >0, Fi1F24 _Fi4F21 >0.

These inequalities will be satisfied if ¢'(g), , and i, are sufficiently large at

77[8

13



the equilibrium point, € 1is sufficiently large and 1—s =5, >0.

The characteristic equation of the dynamic system (30.1) — (30.4) at the equilibrium

pointbecomes
A=A =T | =2+ b + b, +bA+b, =0, (42)
where

b, =—traceJ, =—F,— a F,,+ y&, (43)

) (+)

b, =sum of all principal second-order minors of J,

N LTI R By By Py Py Fy,  Fy
=« + +ay
By Iy 0 -1 |0 0 s1-8) ¢
F, F -1 0
+a 22 24+}/§ﬁ1
Be+p, 0 1 0

=a(F,\ by, — FL,F) -y S F+ay{S Fy—e(1-8) Fysy —a(Be + ) Fy, (44)
v (=) (+) (+) (=)
(+)

b, = —( sum of all principal third-order minors of J,)

Fy Fy FE, By By By F, Fy, F,
=-ayje(l1-¢) -¢ 0|=pf4|0 -1 O0|-aF, F, F,
pe+p, B 0 0 1 0 0 pe+p, 0

K, F, F;
—ay|F, Fy Fy
0 &1-¢) -¢

= a[_7}(iz)4{g(l - &P+ E(Be+ B+ (Bie+ By)F Fyy — FLE)

()

+ye(1=E)F Fyy — Fi3Fyy) + 5 (B F, — FpF )] >0, (45)
%/—/ %/—/
(+) (+)

14



Fil FIZ F13 F14

b, =detJ, = a}/F(;I 8(?_2 5 fz;z %4

0 pBe+pB B 0
=ay{(fie+ B,)¢ + pe(l - ) (F Foy — FuF,) >0. (46)

(+)

It is well known that a set of necessary (but not sufficient) conditions for the local
stability of the equilibrium point of the dynamic system (30) is given by the following set
of inequalities (cf. Asada, Chiarella, Flaschel and Franke 2010, Mathematical appendix
p. 416).

b, >0forall je {1,234} 47

The following ‘instability proposition’is a direct corollary of this fact.

Proposition 2. (Instability Proposition)

Suppose that the parameter values @, £, and f, are fixed at any positive levels.
Furthermore, suppose that (1) the ‘credibility’ parameter of the central bank’s inflation
targeting (&) 1is close to zero (including the case of £=0), and (2) the adjustment

speed of the inflation expectation () is sufficiently large. Then, the equilibrium point

of the dynamic system (30) becomes Jocally unstable.

(Proof.)
Suppose that & = 0. In this case, Eq. (44) becomes
b, = a{(F},Fy, — Fi,Fy) — e Fyy— (Bie + By) iy} (48)
R (+) =)

(+)
Then, we have b, <0 for all sufficiently large values of y >0, which violates one of
the necessary conditions for local stability (47). It must be noted that we have b, <0 for
all sufficiently large values of y >0evenif 0< & <1, aslong as & is sufficiently close

to zero, by continuity. []

On the other hand, we have the following ‘stability proposition’ in contrast to the

above ‘instability proposition’.

Proposition 3. (Stability Proposition)
Suppose that (1) the adjustment speed of the goods market disequilibrium (&) is

15



sufficiently small, and (2) the ‘credibility’ parameter of the central bank’s inflation

targeting (&) is close to 1 (including the case of £ =1). Then, the equilibrium point of
the dynamic equation (30) is Jocally stable.

(Proof.)
Suppose that & =1. Then, the Jacobian matrix (33) becomes

Fy F, Fy  Fy
J, = akF;, akFy, aF,, aF, . (49)
0 0 -y 0

0 pe+p B 0

In this case the characteristic equation (42) becomes as follows.

Ay () =|AL =0, = A =T[4+ y) =0, (50)
where
LTI P
Jy =| afy afy, af, (51)
0 Be+p 0
and
AL =J,| =2 + WA + wAd +w, =0, (562)
w, =—traceJ, =-F,,—aF,,, (563)

=) ()

w, =sum of all principal second-order minors of J,

F, ‘Fn Fy F, F,
= + +o
F, F, 0 0 pe+p, 0
=a{(F,Fy, — F,Fy) = (Be+ B,) Fy) >0, (54)
— (—)
(+)

F, F, F,
w, = —detJ, =-a|F, Fy F|=a(pe+ B)(F, Fyy — F F,) >0,  (55)
%/—/
0 pe+p 0 )

16



wiw, —wy =a{(F, b5+ a by, F,)(Be+ By)
=) =) +
+(=Fy+ aby)(FFy, — FLE). (56)
=) (G I Ce—
(+)
The characteristic equation (50) has a negative real root A, =—y <0, and other three

roots are determined by Eq. (52). If « is sufficiently small, we have
w; >0 for all je{l,2,3} and ww, —w; >0, (57)

which means that all of the Routh-Hurwitz conditions for stable roots of Eq. (52) are
satisfied(cf. Gandolfo 2009, Chap. 16). In this case, all roots of the characteristic
equation (50) have negative real parts. This conclusion in case of & =1 is unchanged

evenif 0< & <1, aslongas & is sufficiently closed to 1, by continuity. [J

Propositions 2 and 3 imply that the increase (the decrease) of the ‘credibility’

parameter of the central bank’s inflation targeting (&) has a stabilizing effect (a
destabilizing effect) of the macroeconomic system. Suppose that the equilibrium point of
the dynamic system (30) is locally unstable in case of £ =0, and it becomes locally
stablein case of & =1. Then, there exists at least one ‘bifurcation point’ &, € (0,1) at
which the switch between ‘unstable’ region and the ‘stable’ region occurs by continuity.
It is clear that the real part of at least one characteristic root of Eq. (42) must become
zero at the bifurcation point. On the other hand, it follows from equations (42) and (46)
that

A,(0) =|-J,| = detJ, =b, >0, (58)

which means that the characteristic equation (42) cannot have the real root such that
A =0. This means that the characteristic equation (42) has at least one pair of pure
Imaginary roots at the bifurcation point & = &,.

This means that the endogenous cyclical fluctuations occur at some range of the

parameter value & that is sufficiently close to &,.

4. A Further Extension : Six-dimensional Model of Monetary and Fiscal Stabilization
Policy Mix with Flexible Prices
In the models of the previous sections, it was assumed that the government

expenditure- capital ratio (v) is fixed. In this section, we relax this assumption, and
study the effect of the monetary and fiscal stabilization policy mix. In the equations

(30.1) — (30.4), v is no longer constant, and we add the following equations.
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M (pK)=m(p)H /K =1(y,p)=p(p)y 5 m,=dm/dp >0,

@, =dp/dp <0 (59)
pT +B+H = pG + pB (60)
V= BI0GF - 1)+ (1-0)b —b)] = F(v,b) ; ,>0,0<8 <1 ©61)

where M = mH = nominal money stock, H =nominal high-powered money that is
issued by the central bank, m =money multiplier>1, b = the target value of b that
1s set by the government. We assume that the private firms and the government are the
debtors and the households are the creditors.

Eq. (59) is the LM equation that describes the equilibrium condition for the money
market. The function /(y,p)=@(p)y is a particular form of the standard Keynesian
real money demand function. We can rewrite this equation as

h=y(p)y ; h=HI/pK), w(p)=p(p)/m(p), v'(p)=dy/dp <0.  (62)

In our model which supposes that the central bank controls the nominal rate of
interest (p), the high-powered money-capital ratio (#) becomes an endogenous
variable that is determined by Eq. (62).

Eq. (60) is the budget constraint of the ‘consolidated government’ that includes the
central bank. This equation means that the government expenditure including the
interest payment of the government bond (pG + pB) must be financed by (1) tax
(pT), (2) bond financing (B), or (3) money financing by the central bank (H). 14

Eq. (61) formalizes the government’s fiscal policy rule. This equation means that the
changes of the real government expenditure respond to both of the real national income
(employment) and the level of the public debt. The parameter € is the weight of the
employment consideration rather than the public debt consideration in government’s
fiscal policy.

Differentiating the definitional equation b= B/(pK) with respect to time and
substituting Eq. (60) into it, we obtain!?

—_——— — T — s —ﬂe,d. (63)
b B » K 2 g(By,p )

14 Also in the models of the previous sections, the definitional equation (60) must be
satisfied, but this equation has no impact on the dynamics of the main variables in the

models of the previous sections as long as s, =1.

15 Note that we have K/K = g(fy,p—7z°,d) from the investment function that is
formulated in section 2.
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We can rewrite this equation as
- H
b:v—r(y)——K+{p—ﬂ—g(ﬁy,p—ﬂe,d)}b s t=T/K =1(y). (64)
p

This equation plays an important role in the dynamic of the public debt accumulation.
If we neglect the impacts of the change of b on the changes of the variables such as v,

y, H/(pK) etc., we have
oblob=p—n—g. (65)

Therefore, the inequality

real interest rate of government bond= p — 7 < g =real rate of

capital accumulation (66)
or equivalently,

nominal interest rate of government bond p < g + 7 =nominal rate of

capital accumulation 67
1s a stabilizing factor of the system, and the opposite inequality is a destabilizing factor
of the system. The (partial) stabilizing condition (66) or (67) is called the ‘Domar
condition’ after Domar(1957).16

Next, differentiating the definitional expression 4 = H /(pK) with respect to time,
we obtain the following expression.

—=(r+—=)h+h={m+g(By,p—7°,d)}h+h (68)

pK K
On the other hand, differentiating Eq. (62) with respect to time and substituting

equations (30.2) and (30.4) in section 3, we obtain
h= !//’((/)0) yp+w(p)y= w;(/)O)E;(y,ﬂe) +y(p)aF,(d,y,n*, p,v,b). (69)

Substituting equations (27), (62), (68), and (69) into Eq. (64), we obtain the following

equation that governs the dynamic of the variable b.17

b=v—t(y)—{e(y - )+ 7+ g(By.p—7°.d)w(p)y— w;(_/)o)ylﬂ(yﬂe)

—y(p)aky(d,y, 7%, p,v.b) +{p—&(y = y)—n" = g(fy,p —7n°,d)}b

16 There is a slight difference between the original ‘Domar condition’ and our ‘Domar
condition’. In Domar’s(1957) original model, the dynamic stability of the ratio B/(pY)

rather than the ratio b= B/(pK) is studied, so that in original Domar model, g is
not K/K butitis Y /Y.
17 This means that the equilibrium condition for the money market (62) affects other

parts of the system through Eq. (70) so that the dynamic system in this section is no
longer the decomposable system.
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:Fﬁ(dayaﬂ-eapavab) (70)

Equations (30.1) — (30.4) with variable v and b together with equations (61) and
(70) constitute a complete system of six-dimensional nonlinear differential equations.18

We can summarize the system in this section as follows.19

d=F(d,y,z°,p) (71.1)
y=FKd,y,z*,p,v,b) (71.2)
7w =F(y,7°) (71.3)
p=F,(y,7% (71.4)
V= Fi(y,b) (71.5)
B:Fé(d,y,ﬂe,p,v,b) (71.6)

The equilibrium solution of this system (d%*,y*, 7%, p*,v* b*) that satisfies

d= y=r‘=p=v= H=0 can be expressed by the following system of equations.

Fd*y,7,p*)=0 (72.1)
F,(d*,y,7,p*,v%,b) =0 (72.2)
r*=g*=7, y*=7y, b*=b (72.3)

v¥=1(y)+{T +g(By.p* -7, d*)w(p*)y
+{g(fy,p*-7,d*)+ 7T — p*}b =v*(d* p* y,7,b) (72.4)
The system of simultaneous equations (72.1), (72.2) and (72.4) determines the
equilibrium values (d*, p*,v*). We assume that there exists the unique equilibrium
point that satisfies
d*>0, p*>0, v*>0. (73)

In addition to Assumptions 1 and 2 in the previous sections, let us assume as follows.

Assumption 3.
0< P - < g(ﬁy’p*_ﬁ’d*)

18 Unlike the previous sections, we do not necessarily assume that s, =1 in this

section.

19 This six-dimensional system is a generalized version of the five-dimensional system
that is formulated by Asada(2014), which does not consider the explicit dynamic of the
variable d.
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This assumption implies that the equilibrium real interest rate of the government
bond is positive and the ‘Domar condition’ (66) is satisfied at the equilibrium point.
Next, let us consider the local stability/instability of the equilibrium point. We can

express the Jacobian matrix of the dynamic system (71) at the equilibrium point as

R, £y Fy  Fy 0 0
aly, aly, afy, of,, a a(l-s)p*
J, = 0 ye(1-¢) -y 0 0 0 (74)
0 Pe+p, pB 0 0 0
0 - B0 0 0 0 -401-06)
| Fo Fy Fo  Fy  F Fig

where Fij (i,j=123,4) are the same as those in the previous section, and other

relevant partial derivatives at the equilibrium point become as follows.20

Fyy = 0F,/8d =g, {y(d®)y + b} —p(p*)a Fy >0 (75)
) =)

Fy=0F/op==g _{w(p")y+b}—{T+g(f.p *—ﬁ,d*)}w'((/)?*)f
=) N

-y (p*aF,, >0 (76)

)
F=0F/ov=1-y(p*a (77)
F,=0F,/0b=p*—7 — g(f,p*—7,d*) <0 (78)

Bl —FhFy = —Sfd[(gj w(d*)y+b+ ¢'((<;§)} +y(pM)ai(l- SZ)((id)d +1)]

+id(@)-dil-g, v =s5,)0, d+i)+F(2) g} +8,(g + Ty (p*) )]
+) o +) IR NG )

+{~(g+7T)+s, ((id)d +i)}lg, Py +bi+(g+7) t//’(/(?’)")i] (79)
* ) -

Now, we shall assume that the following inequality is satisfied.

Assumption 4.
E4F61 _E1F64 >0

This inequality will be satisfied if ¢'(g), |g,_. g,| and [y'(p*)| are sufficiently

9

20 The values of Fy, and F; are irrelevant for our purpose.
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large at the equilibrium point.

The characteristic equation of this system at the equilibrium point becomes

A= =T | =2 +d X +d, A +d X +d X +dA+dg =0, (80)
d, =—traceJ,, (81)
d,= (=1)’ (sum of all principal j’th order minors of J,) (j=2,3,4,5), (82)

d, =detJ,. (83)

It is worth noting that the conditions
d,>0forall je{l2, -6} (84)

are the necessary (but not sufficient) conditions for the local stability of the equilibrium
point of the dynamic system (71) (cf. Gandolfo 2009, Chap. 16).

Under assumptions 1 — 4, we can prove the following two propositions.2!

Proposition 4. (Instability Proposition)
Suppose that the following conditions are satisfied.
(1) The credibility parameter of the central bank’s inflation targeting (&) is close to
Zero.
(2) The adjustment speed of the inflation expectation (y) is sufficiently large.
(3) The monetary policy parameters f, and f, are close to zero.
(4) The fiscal policy parameter that describes the weight of employment consideration

(@) is close to zero.

Then, the equilibrium point of the dynamic system (71) becomes Jocally unstable.
(Proof.) See Appendix A.

Proposition 5. (Stability Proposition)
Suppose that the following conditions are satisfied.
(1) The adjustment speed of the goods market disequilibrium () is sufficiently small.
(2) The credibility parameter of the central bank’s inflation targeting (&) is close to 1
(including the case of & =1).
(3) The monetary policy parameters £, and [, are nonnegative and at least one of

them is positive.

21 It is worth noting that Assumptions 3 and 4 are not necessary for the proof of
Proposition 4, but it is only used for the proof of Proposition 5.
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(4) The fiscal policy parameter 6 is less than 1, but it is close to 1.
(5) The average propensity to save out of the interest on the public debt (s;) is close to
1 (including the case of s, =1).

Then, the equilibrium point of the dynamic system (71) becomes Jocally stable.
(Proof.) See Appendix B.

Proposition 4 means that the ‘Domar condition’ (Assumption 3) is by no means the
sufficient condition for the local stability of the equilibrium point of the full

six-dimensional system in this section, but it is only a partial stability condition.

5. Concluding Remarks : Economic Interpretation of the Analytical Results

In this final section, we shall provide an intuitive economic interpretation of the
analytical results which are presented in the previous section.

Proposition 4 means that the equilibrium point of the system (71) tends to become
dynamically unstable if (1) the central bank’s monetary policy is inactive and the
central bank’s inflation targeting is incredible, and (2) the real government expenditure
responds sensitively to the amount of the outstanding public debt rather than the real
national income (employment). This proposition characterizes an inappropriate fiscal
and monetary policy mix. We can illustrate this destabilizing cumulative disequilibrium
process by the following two coexisting positive feedback mechanisms y = y d and
bT=bT.2

yi= 7= b T= v = (effective demand per capital stock) V= y ¥ (FM,)

bT=vi= e LHI(pK) L =61 (FM,)

In this depression process, the decrease of the government expenditure-capital ratio
and the increase of the public debt-capital ratio coexist, and the actual and the expected
rates of inflation continue to decline. In this process, the nominal interest rate of the
government bond slowly declines and at last, it will reach to its lower bound. This

theoretical scenario is quite consistent with the so called ‘lost twenty years’ of the

22 Suppose that the central bank’s monetary policy is inactive so that both of the
monetary policy parameters £, and [, are sufficiently small. In this case, the
movement of the nominal interest rate of the government bond o becomes so sluggish
that & = H/(pK) moves to the same direction as that of the movement of y like
(FM,) (see Eq. (62) in the text). This means that the central bank continues to reduce

the high-powered money-capital ratio in the process of depression, which has the
pro-cyclical destabilizing effect.
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Japanese economy that is characterized by the deflationary depression.23

On the other hand, Proposition 5 means that the equilibrium point of the system (71)
tends to be dynamically stable if (1) the central bank’s inflation targeting is credible,
and (2) the real government expenditure responds sensitively to the real national
income(employment) rather than the amount of the outstanding public debt, under
certain additional conditions. This proposition characterizes an appropriate fiscal and
monetary policy mix.

We can schematically represent the stabilizing negative feedback mechanism of the
government’s fiscal policy y = y T that responds sensitively to the real national

income(employment) rather than the amount of the outstanding public debt as follows.
y 4= v T= (effective demand per capital stock) T= y T (FM,)

The central bank’s active monetary policy that accompanies the ‘credible’ inflation
targeting will enhance this stabilizing negative feedback mechanism. We can consider
that this is the rationale of new macroeconomic policy in Japan called ‘Abenomics’ that

was initiated by Abe administration in 2013.24
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Appendix A : Proof of Proposition 4.
Suppose that & =, =, =60 =0. In this case, we have

d, =sum of all principal second-order minors of J,

=—yasF,+ 4, (A1)
+)

where A is independent of the value of y. This means that we have d, <0 for all
sufficiently large values of y, which violates one of the necessary conditions for local
stability (84). By continuity, this conclusion applies even if the parameters &, f,, f,,

and @ are positive, as long as they are sufficiently small. [

Appendix B : Proof of Proposition 5.

23 For the ‘lost twenty years’ of the Japanese economy, see Krugman(1998) and Asada
(ed.) (2014).

24 For the detailed exposition of ‘Abenomics’, see General Introduction of
Asada(ed.)(2014).
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Step 1.

Suppose that & =35, =1. In this case, the characteristic equation (80) becomes

A =A== = J5[(A+y) =0, (B1)
(F, F, F, 0 0
afy, ay aby, «a 0
Ji=| 0 pe+p, 0 0 0 : (B2)
0 - ﬁ30 0 U ﬂ3(1 -0)

Equation (B1) has a negative real root A, =—y, and other five roots are determined

by the equation

Ay(A)=|Al - J||=0. (B3)

Step 2.
Next, suppose that @ =1. In this case, Eq. (B3) is reduced to

As(A)=|Al = J[(A-F) =0, (B4)
e £, ey 0

J, = akFy, ak, aby,, « . (B5)
0 PBe+ph, 0 0
0 A 0 0

Eq. (B4) has a negative real root A, = F,, and other four roots are determined by the

following equation.

A=A =T = (X + 2,8 + 2,4+ 2,)A =0, (B6)
zy=—F,—ak,, (B7)
) +)
z, = a{(F,\Fy, — F,F,) - F,(Be+ B)+ B3} >0, (B8)
(+V) -)
zy=ai{—F, B+ (Be+ B,)(F Fyy — FF,)} >0, (B9)
(7) —

(+)
2z, =z = a{(— F,,— a F),) )(F},F), — F,F,)) —af F,

=) (+) Re (+)
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+(Be+ b)), F+aFy,F,)}. (B10)
=) + )

Eq. (B6) has areal root A, =0, and other three roots are determined by the equation

AD=+20 +2,A+2,=0 (B11)

Step 3.
It is easy to see that all of the following Routh-Hurwitz conditions for stable roots of
Eq. (B11) are satisfied if « is sufficiently small (cf. Gandolfo 2009, Chap. 16).

z,>0 (j=123), zz,-2,>0 (B12)

Hence, we have just proved the following result.

“ Suppose that @ =1. Then, the characteristic equation (B3) has a real root A, =0
and other four roots of this equation have negative real parts under the conditions (1)
and (3) of Proposition 5.”

This means that Eq. (B3) has at least four roots with negative real parts under the
conditions (1) and (3) of Proposition 5 even if 0< @ <1, as long as 6 is sufficiently
close to 1 by continuity. On the other hand, in case of 0< # <1, we have

5
Ay(0)=—T14; = |- J4|=—detJ,

= a(ﬂl‘g + ﬂz)lgz.(l - ‘9) {Fss(FhFM - F14F21) + (F14F61 - F11F64)}a (B13)
(+) (+)

and F, becomes positive if a is sufficiently small. Therefore, Eq. (B13) becomes

5
positive so that we have Hl ﬂ.j <0if0< @ <1 and «a is sufficiently small. This means
=

that all roots of Eq. (B3) have negative real parts under the conditions (1), (3), and (4) of

Proposition 5.

Step 4.
We have just proved the following result.

“Suppose that & =s, =1. Then, all of six characteristic roots of Eq. (80) in the text

have negative real parts under the conditions (1), (3), and (4) of Proposition 5.”

By continuity, this conclusion applies even if 0< & <1 and 0< s; <1, as long as they

are sufficiently close to 1. This proves Proposition 5. [
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