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Abstract

Focal points are one of the key concepts for solving the problem of
equilibrium selection in coordination games. This paper examines the
importance of strategies and focal points within a standard state-space
model. In our framework, we define two types of focal points. The first is
common knowledge of a particular salient strategy, whereas the second is
players’ posterior beliefs about their opponents selecting a salient strategy,
referred to as the p-focal point. The former focal point leads to the
latter p-focal point. This paper also discusses playing focal points, u-
focal points, and other equilibria.

JEL classification: C70; C72; D80; D83
Keywords: Focal Point; Information Structure; Partition.

1 Introduction

In a coordination game where all players must choose the same strategy as their
opponents, they may select a particular equilibrium, believing that all players
are focused on the same equilibrium. When all players strongly believe they are
focusing on a particular equilibrium, Schelling (1960) termed this equilibrium
“focal point.” Focal points are one of the key concepts for solving the problem of
equilibrium selection in coordination games. This paper attempts to formulate
a mathematical characterization of focal points within the framework of a state-
space model.

*The author acknowledges Hirokazu Takizawa, Kenryo Indo, and Ryuichiro Ishikawa for
their insightful comments on this study. Previously titled “Note on Focal Points: Formula-
tion in Information Structure.” Presented at the Mathematical Economics 2023 Workshop,
Waseda University, November 25-26, 2023, Tokyo; Game Theory Workshop 2024, Kyoto Uni-
versity, March 8-10, 2024, Kyoto (Hybrid); 41st Annual Meeting of Japanese Cognitive Science
Society, October 12-14, 2024, Tokyo; and the 2024 Japanese Economic Association Autumn
Meeting, Fukuoka University, October 19-20, 2024, Fukuoka.

fFaculty of Economics, Chuo University, 742-1, Higashinakano, Hachioji-shi, Tokyo 192-
0393, Japan
yoshihiko.tada.4@gmail.com



Studies on the play of a particular equilibrium include dynamic approaches
(e.g., Crawford and Haller (1990)) and static approaches (e.g., Aumann and
Brandenburger (1995)). However, in both approaches, playing a particular equi-
librium essentially means that the equilibrium is salient, and players focus on
it. Although discussions on salience and focal points have appeared in the lit-
erature, this paper attempts to formulate them mathematically and statically,
using variable frame theory proposed by Bacharach (1993)."

In variable frame theory, labels known as “frames” define partitions of the
strategy set and characterize the prominence of strategies. For example, if mul-
tiple balls are on a table, they can be categorized by color or shape. In this
case, attributes such as “color” and “shape” are called frames, and each player
analyzes whether they can focus on a particular ball based on these recognized
frames. This approach has been widely studied, for example, by Bacharach and
Bernasconi (1997) and Bacharach and Stahl (2000). The essence of the formu-
lation of focal points in variable frame theory is to use frames to characterize
the symmetry of the game structure (e.g., Casajus (2000), Janssen (2001), and
Alés-Ferrer and Kuzmics (2013)). A necessary condition for a strategy to be
a focal point in this model is that it is what Nash (1951) calls a symmetric
equilibrium.?

A focal point is not simply a salient strategy; it must also be recognized
as salient by all players. From this perspective, focal points should be exam-
ined within the framework of knowledge and belief. This paper introduces an
information structure to analyze focal points within this framework. Our ap-
proach, similar to that of Casajus (2000) and Janssen (2001), who analyzed
incomplete information games by considering frames as player types, relies on a
state-space representation of incomplete information games. Alds-Ferrer and
Kuzmics (2013) introduce the concept of meta-norm to identify a uniquely
salient strategy as the focal point. From these considerations, the approach
of the variable frame theory can be regarded as one that identifies focal points
through the structural symmetry of the game and the concept of frames. In
other words, the variable frame theory positions the processes of belief forma-
tion and information partitioning necessary for identifying focal points as part
of its theoretical framework.

In contrast, our approach formulates focal points based on a given state space
and prior probability. This approach seeks to formulate focal points through
belief update. In a game-theoretic situation encountered for the first time,
players are likely to infer the salient strategy of the opponent based on frames
and form a prior probability. In contrast, in a repeated setting, prior formation
and information partitioning are already established, and players are expected
to perform belief updating from that state to identify the salient strategy of the

Van der Rijt (2019) provides a survey of focal point theory.

2Recently, Charness and Sontuoso (2023) used Heifetz, Meier, and Schipper’s (2013) un-
awareness belief structure to link subjective state spaces to frames and to characterize focal
points as a consequence of rational reasoning. An evolutionary game-theoretic approach based
on the variable frame theory is presented by Binmore and Samuelson (2006).
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This paper defines a focal point based on common knowledge of a particular
salient strategy. A strategy (or profile) is a focal point if and only if it is common
knowledge that the strategy is salient for all players. If each player knows that
their opponents focus on the same strategy, they naturally choose it. At first
glance, this may appear to be a trivial definition; however, it can be considered a
valid definition of a focal point that incorporates the certainty that the opponent
is also focusing on the same strategy.

However, this condition appears to be very strong. In fact, there are cases
where to play a particular equilibrium, players do not need to have common
knowledge of it being salient for all players. Furthermore, Aumann and Bran-
denburger (1995) present a coordination game where a particular equilibrium
is played out even without mutual knowledge of the salient strategy. Therefore,
an alternative notion of focal points is needed. This paper addresses this by
proposing an alternative notion of focal points: u-focal point. A p-focal point
is defined based on posterior probabilities—the beliefs players have about their
opponents focusing on a particular salient strategy. Even if a strategy is not
mutual knowledge, if each player assigns a posterior probability of 1 to the
salient strategy, then the strategy can be called a focal point based on posterior
probabilities.

Throughout this paper, we show that a focal point cannot be uniquely de-
fined. This highlights the inherent limitations of attempting to mathematically
formulate focal points within the framework of game theory. Sugden and Za-
marrén (2006) argue that discussing focal points through the deductive approach
of classical game theory has its limits and that they should be examined from
a more pragmatic perspective. Furthermore, Alés-Ferrer and Kuzumics (2013)
attempt to incorporate the concept of meta-norms into variable frame theory to
explore focal points. These studies indicate that focal points cannot be uniquely
defined through mathematical formalization alone, rather, they should be con-
sidered in the context of various social backgrounds. The manner in which focal
points are defined depends on the logical structure and social context being con-
sidered. The multiple definitions of focal points in this paper (e.g., focal points
based on meta-norm, common knowledge, and posterior probabilities) reflect
this underlying complexity.

The remainder of this paper is structured as follows. Section 2 formulates
static games, information structures, and partitions of strategies. Section 3
provides mathematical formulations of salience and focal points, and examines
cases where a particular equilibrium is played despite not being a focal point.
Section 4 defines and characterizes the p-focal point. The final section concludes
the paper.

3 A similar approach to this study is taken by Larrouy and Lecouteux (2018). They define
focal points in terms of expected utility.



2 Preliminaries

2.1 Games and Information Structures

This subsection provides formal definitions for games and their associated infor-
mation structures. First, we define a game denoted as G = (I, {A; }ier, {ui bicr),
where:

e [ is the set of players. Let I_; represent the set of players excluding .

e For any i € I, A; denotes the set of strategies available to player i. Let
a; be the strategy selected by player ¢. Here, A = X;c;A;, where a € A
represents the strategy profile. Moreover, A_; = x;2;A; and a_; € A_;.

e For each i € I, u; : A — R represents the utility function for player 7.

Let us define each player’s mixed strategy. Let o; : A; — [0,1] be i’s mixed
strategy, and let Ml; be the set of all mixed strategies available to player i. Let
o denote a profile of mixed strategies, and let M = Xx;c;M; be the set of all
possible strategy profiles. Let M_; = X;ec;_, and o_; € M_;. For any mixed
strategy profile o € M, Eu;(o) represents the expected utility of player i when
following strategy o.

Next, we define the (mixed) Nash equilibrium as follows:

Definition 1. In game G, o* € M denotes a Nash equilibrium if, for any ¢ € I
and 0; € M, : Eu;(c*) > Eu;(0;,0% ;).

Let NE be the set of (mixed) Nash equilibrium in G.

Now, we define the information structure as follows: .2 = (Q, {II,; };cr) in G.
Let 2 be the objective state space, let a state w € , and let II; : Q — 2\ {()} be
i’s information function. For any w € Q, II;(w) represents the information set of
player i at w. We assume the following properties for each player’s information
function.

C1 For any w € Q, we have w € IT;(w).
C2 For any w,w’ € Q, if ' € I1;(w), then IT;(w") = IL;(w).

If an information function satisfies the aforementioned properties, i’s informa-
tion function is said to be partitional. Consequently, we can define partitions
on .  We denote 2; as i’s partition on . For any i € I and w € ), we have
II;(w) € 2; when C1 and C2 hold. Let \/,.; 2; denote the joining of all player
partitions®, and let Nicr 2i denote the meeting of all player partitions®. f[(w)

is the member of the meet A\, ; 2; that contains w; that is, M(w) e Nicr <,

4See Osborn and Rubinstein (1994) for further details.
5Coarsest common refinement of all 2;.
SFinest common coarsening of all 2;.



Example 1. Let us consider two agents, labeled 1 and 2, and the state space
Q= {1,2,3,4,5,6,7,8,9,10}. Suppose the agents’ partitions are defined as
follows:

o )1 ={{1,2},{3,4},{5},{6,7,8},{9,10}}; and
e Q2 =1{{1,2,3,4},{5,6,7},{8,9,10}}.

Then, the join of the partitions is given by:

Ql \ QQ = {{L 2}’ {374}7 {5}7 {67 7}7 {8}v {9’ 10}}7

and the meet of the partitions is:

Q1 NQ2={{1,2,3,4},{5,6,7,8,9,10}}.

Let II; and II; denote the agents’ information function. If the true state is
2 € Q, then:
I, (2) = {1,2},

I,(2) = {1,2,3,4}.
Moreover, the meet of their partitions is: f[(2) ={1,2,3,4}. O

Let u : 2% — [0,1] be a probability measure of . We assume that p is
a common prior probability shared by all players. Given an event E, u(F|E)
denotes i’s posterior assignment to F' given the occurrence of F.

In the following section, we define self-evident events and establish the con-
cept of common knowledge.

Definition 2. An event F' C  is said to be self-evident at w if and only if, for
any i € I, II;(w) C F. An event E C Q is common knowledge at w if and only
if there exists a self-evident event F' C () such that: w € ' C E.

Our concept of common knowledge similar to Aumann’s (1976).

2.2 Partition on Strategy Sets

In this subsection, we adopt the concept of partitions on the strategy set as
introduced in variable frame theory by Bacharach (1993). In particular, the
definition of partition in the strategy set is similar to Alés-Ferrer and Kuzmics
(2013). In variable frame theory, frames correspond to the types of players, as
discussed by Casajus (2000) and Janssen (2001). This paper provides partitions
of the strategies based on information structures. Defining these partitions in
the next section allows us to specify the focus.

Given I' = (G, 5), let PP be the set of partitions on the strategy set A. Any
& € P is a finite partition of M, where each P € &2 satisfies P C M. Let
(M) denote the power set of M. Here, we allow the partition elements to be



A/B] b | b
a1 | 2,1]0,0
az 0,012

Table 1: The battle of the sexes

correlated. @ We denote m; : Q — P as i’s focus function. It is interpreted as
follows: given w € , i focuses a partition m;(w) € P on M. At w, we define
P¥ . M — (M), where, for w and 0 € M, P¥(0) € m;(w) is a member of i’s
partition containing o. We assume the following properties of P{:

e P1 For any a € A, s € P¥(a).
e P2 For any a,a’ € S, if o’ € P#(a), then P (a’) = Py (a).

Example 2. Let us consider two players: Alice (A) and Bob (B). Suppose they
face off in a game of the battle of the sexes G = ({A, B}, {Aa, A}, {ua,up}),
where A4 = {a1,a2}, Ag = {b1,b2}. The payoff matrix is depicted in Table .
This game has three Nash equilibria: (a1, b1), (az,b2), and 0* = ((3, 3), (3, 2)).
Let ©Q = {wg }x=1,....3- Suppose that Alice’s partition of the state space is

24 = {{w1, w2}, {ws}},

and Bob’s partition of the state space is

2p = {{w1}, {w2}, {ws}}.

Then, the meet of their partitions is II(w;) = (ws) = {w1, w2}, and I(ws) =
{ws}.

Next, we define partitions of the strategy set. Let P = {7, 5}, where
21 = {{(a1,b1)},{others}}, and Py = {{(az,b2)},{others}}. Moreover, their
focus functions are defined as follows:

ma(w) = mp(w1) = Y1,
7TA(0J2) = 1,

7rB(w2) = f@Q, and

Ta(ws) = Tp(ws) = Po. O

"If we assume the independence of the elements of the partition on M, for any & and
Pe P, Pe xicrp(My).



3/4] X | Y
X |33
Y |20

b

0, 2
2,2

Y

Table 2: Stag hunt game

3 Salience, Focal Points, and Specific Equilib-
rium

3.1 Salience

This section defines the salience of strategies and focal points within an informa-
tion structure. A salient strategy stands out and captures a player’s attention
for a specific reason. In Example B, each player focuses on (aj,b;) at w; and
on (ag,bs) at ws. Which strategy is salient depends on w. Furthermore, salient
strategies vary between players. For instance, in Example B, at ws, Alice might
focus on (a1, b1), while Bob might focus on (as, bs).

First, we define a salient strategy for a given player. In this paper, the dis-
cussion on salient strategies is limited to Nash equilibria. Although a salient
strategy may not always be a Nash equilibrium, when players consider a focal
point, they are clearly aware of some Nash equilibrium. Which strategy be-
comes the salient strategy is not determined solely by whether it constitutes a
Nash equilibrium; rather, it is determined for each w. The fact that the salient
strategy varies depending on w corresponds to the concept in variable frame
theory, where the salient strategy differs across frames. Furthermore, we first
define the salient strategy for each player. This acknowledges the possibility
that different players may focus on different strategies.

Definition 3. In ' = (G, J7), o* is salient at w for ¢ if and only if
1 o* € NE; and

for any i € I and o € NE\ {c*},
2 0 ¢ P¥(0*), and
3 there exists o/ € NE \ {o*} such that ¢’ # o and o’ € P¥(0).

The first condition states that a salient strategy must be a Nash equilib-
rium. Although this may initially seem like a strong requirement, it is essential
for the focal point being discussed to be a Nash equilibrium. Alés-Ferrer and
Kuzmics (2013) also stipulate that a focal point must be a Nash equilibrium
(more precisely, a symmetric equilibrium). The second condition states that no
other Nash equilibrium belongs to the same partition as the salient strategy.
The third condition stipulates that any other partition must contain multiple
Nash equilibria.

This definition does not account for payoffs, as we allow a Pareto-subordinate
Nash equilibrium to serve as a focal point. For example, consider the stag hunt



game in Fig. B. In one state, players may select (X, X) as the focal point, while
in another, they may select (Y,Y). When players are payoff-dominant, (X, X)
becomes salient. In contrast, when players are risk-dominant, (Y,Y’) becomes
salient. This indicates that a Pareto-superior Nash equilibrium may be salient
in some cases, while a Pareto-inferior Nash equilibrium may be salient in others.
Notably, whether players are payoff-dominant or risk-dominant is determined
by w, which is given exogenously. In other words, whether players are payoff-
dominant or risk-dominant is exogenously specified for each w.

Let s; : © — MU {¢} be a function of salience for player i. When o* is
salient at w for 7, we write s;(w) = o*. If there is no salient strategy profile, we
write s;(w) = ¢.

A strategy that is salient for one player may not be salient for another. Thus,
we need to define strategies that are commonly salient for all players.

Definition 4. In " = (G, %), o* is salient at w (for all players) if and only if,
for any i, s;(w) = o*.

Let s : Q — MU{¢} be a function of salience. When ¢* is commonly salient
at w, we write s(w) = o*. If there is no salient strategy profile (for all), we write
s(w) = ¢.

[0]* = {w € Q|s(w) = o} denotes the event that a strategy profile o € M is
salient.

Example 2 (Continued). In the case of Alice and Bob,

Therefore,

s(w1) = (a1,b1),
s(wz) = ¢, and
S(OJ3) = (ag,bg).

Thus, [(a1,b1)]* = {w1}, [(a2,b2)]* = {ws}, and [¢*]* = 0. O

3.2 Expected Utility

If a player focuses on a salient strategy, they may choose to play it. However,
if no salient strategy exists, the player may choose from among the available
actions. In the absence of salient strategies, players may compare partitions of
the strategy set and select strategies from the partition with the fewest elements.
For example, consider a set of five balls: two red and three yellow. In this case,
an agent might focus on the red balls.



Given a set Z, |Z| denotes the number of elements in the set Z. For any w
and 1, let the set of strategies i focuses on be denoted by

27 = {0 €NE | Vo' e NE\ {0}, |P*(0) \NE| <|P#(o') NNE}.

If s(w) # ¢, then |%$(w)\ = 1. However, if s(w) = ¢, we focus on the partition
with the fewest Nash equilibria. There may be more than one such partition,
which is interpreted as the partition or partitions that player i is paying attention
to at w. Let X*“) = {o; € M; | Jo_; € M_; (0s,0_;) € 2>}, This
represents the strategy or strategies that player i focuses on at w. Additionally,
let X5 = o X3,

Now, we define i’s expected utility of some play o; in our model. We assume
that player ¢ believes the other players focus on X;(w) (j # i) and play any
action. Let o0;(s(w)) = o, where s(w) = (of,0*,). Then, player i’s utility for

playing o; at w is given by:

1 *
Eu;(oi|w) = Z WEui(oi, or,).
orexs) i
If s(w) # ¢, then Bu;(o;|lw) = Eui(o;,0-;(s(w))), which is clear. Given the
prior probability u, player i’s expected utility for playing o; is denoted by:

Eui(o;) = Z wlw)Bu;(og|w).

weN

Thus, given event E, player i’s expected utility for playing o; in E is as follows:

Bu;(o;|E) = Z ww|E)Eu,(oi|w).
weN

3.3 Focal Points based on Common Knowledge

A variable frame theory identifies salient strategies from types and frames in
relation to the symmetry of the game structure. More specifically, this theory
discusses the process of identifying w, which indicates the unique salient strategy.
In other words, in a variable frame theory, players form beliefs about the unique
salient strategy. Let us define the meta-norm and a focal point based on Alds-
Ferrer and Kuzmics (2013) in the context of our model.

Definition 5. In I’ = (G,.%¢), w is a meta-norm if and only if w satisfies (1)
w(w) =1, and (2) there exists o* € M such that s(w) = o*. ¢* is a focal point
if and only if there exists a meta-norm w such that s(w) = o*.

This definition may appear arbitrary. If prior probability is assigned as 1 to
a particular state, it is naturally expected that the salient strategy in that state
will become the focal point. However, this stems from the difference in approach
between our model and the variable frame theory. The variable frame theory



is a model that examines how belief formation and information partitioning are
achieved through inference. Accordingly, p(w) = 1 is not exogenously given
but rather results from players forming prior probabilities through inference. In
contrast, in our model, the common prior probability is given exogenously, and
this distinction should be carefully noted.

In contrast to Definition B, this paper defines focal points in a way that
directly identifies which strategies are salient from the state, while also reflecting
beliefs about which strategies opponents consider salient. This paper proposes
a focal point based on common knowledge, as follows.

Definition 6. InT' = (G, .5¢), 0* is a focal point at w if and only if IT(w) C [0*]®.

This definition indicates that a strategy is a focal point if and only if it is
common knowledge that the strategy is salient for all players. Each player is
convinced that their opponents are also paying attention to a certain focal point.
Thus, a focal point is a kind of common strategy knowledge.

Remark 1. o* is a focal point at w if and only if, for any w’ € f[(w), s(w') =o*.

Example 2 (Continued). In the case of Alice and Bob, since M(w) € [(a1,b1)]®
for any w and II(ws) C [(az2,b2)]®, (a2,bs2) is a focal point at ws. There is no
focal point otherwise. [J

Remark 2. In some I' = (G, 5€), there may exist an w such that no focal point
is observed. See Example B.

Note that if we define a focal point based only on pure Nash equilibria,
then when the number of pure Nash equilibria is two, there is no focal point.
However, there are an odd number of Nash equilibria when mixed strategies
are included. Therefore, the state space can be defined so that there is a focal
point, irrespective of the number of Nash equilibria.®

Then, the following theorem holds.

Theorem 1. In any I' = (G, %), suppose there exists a common prior p on
Q and that each player’s partition on €2 is common knowledge. If o* is a focal
point at w, then choosing o* is the best response for all players at w.

Proof. Since w is a focal point at o*, II(w) C [¢*]* holds. Hence, for any i and
oeM;

Eu(ol[iw) = 3 p@|Iw)-Eu(o},o",)

w’ ell(w)

> ) p@ (W) - Bui(oi,0%,;)

w’ ell(w)

= FBu(o;|TI(w)).

Therefore, choosing ¢* is the best response for all players. O

8The author thanks Kenryo Indo for pointing this out.

10



This theorem suggests that when there is a focal point at w, considering the
common knowledge about it, players play it.

Example 2 (Continued) Let us consider an example of Alice and Bob. Let

p(wr) = 3, p(we) = ¢, and p(ws) = 5. Then, Alice’s expected utilities at each
state are

FEug(ai|lwi) =ua(ar,br) =2,

Euy(as|wi) = ualag,by) =0,

Euy(ar|w2) = ualar,b2) =0,

Eua(as|ws) = ualaz, bs) =1,

Eua(ar|ws) = ualag,by) =0, and

Eua(as|ws) = ualag,bs) =1,

EuB(b1|w1) = uB(al,bl) = 1,
EuB(b2|w1) = uB(al,bg) = 0,
EUB(b1|UJ2) = uB(al,bl) = 1,
EuB(b2|w2) = UB(al,bg) = O,
Eug(bi|lws) = up(ag,by) =0, and
EUB(b2|LU3) = ’U,B(ag,bg) =2.

Hence, their expected utilities are

Eua(ar) =

Eua(az) =

W N W N

Eug(b) = %, and
EUB(bQ) =1

Let us assume that the true state is ws. Then, because (ag,bq) is a focal
point, by Theorem [, they play (as,be2). O

3.4 Must Playing a Specific Equilibrium Require Com-
mon Knowledge of the Focal Point?

This study defines a focal point by common knowledge about a specific, salient
strategy. By definition, a strategy is a focal point if and only if it is common
knowledge that the strategy is a focal point. However, common knowledge of a

11



focal point is not always necessary for players to choose a specific equilibrium.
The following theorem illustrates this.

Theorem 2. In any game I' = (G, %), suppose there exists a common prior
on (2, and that each player’s partition of 2 is common knowledge. Given w € (),

*

o* is salient for all and for any ' € II(w) and any i € I,
Eu;i(o}) > Fu(o;(s(w'))).
Then, choosing ¢* is the best response for all players at w.

Proof. In any game I' = (G, ), suppose that given w € Q, o* is salient,
and for any ' € I(w) and any i € I, Fui(o}) > Eui(o;(s(w'))). Let E
be an event that o* is salient and that for any w’ € ﬂ(w) and any i € I,
Eu;(0}) > Eu;(0;(s(w’))). By assumption, since E is common knowledge, for
any w’ € Q and any 1,

Bu(o}|E) = 3 u(w’|E)- Bu(o],o_i(s(w"))
> 37 " |B) - Bui(oi(s(w)), o—i(s(w"))

= FEu(o;(s(w))|E).
Therefore, o* is the best response for all players. O

Theorem B suggests that at w even if there exists w’ € Q \ f[(w) such that
Eu;(s(w') > Eu;(0}), players still do not choose s(w’).

Next, let us compare Theorem M and Theorem B. Theorem B assumes that
o* is salient and that Eu;(c?) > Eu(o;(s(w'))) for any ' € I(w) and any i.
In this case, ¢* might not be a focal point because there exists other salient
strategy at w’ € f[(w) that s(w’) # o*. By contrast, according to Remark @, if
the o* is a focal point, in Theorem B all players choose o*.

Remark 3. Theorem 0 implies Theorem B.

At first glance, the assumption of common knowledge may seem redundant.
However, in Theorem [, players share a common certainty that a particular
strategy is salient, whereas in Theorem B, such certainty is not established.
Each player merely forms probabilistic beliefs about which strategy is salient to
the other players and maximizes expected utility based on those beliefs. This
distinction is illustrated in Example B, where ws is the true state.

Example 2 (Continued). Let us consider that the true state is wy (k = 1,2).
There is no common knowledge that any strategy is salient. However, at wy,
Alice’s expected utilities are:

A 4
Eua(ar|(wg)) = 3 and

12



EuA(a2|f[(wk)) = %

while Bob’s expected utilities are

BEup (b |Tl(wy)) =1 and

EuB(b2|ﬁ(wk)) =0.

Hence, at wy,, Alice and Bob play (ai,b1) even if there is no common knowledge
that it is salient. O

From the above example, we can derive the following remark.

Remark 4. In any game I' = (G, %), suppose there exists a common prior
on 2 and that each player’s partition on €2 is common knowledge. Given w and
o*, if for any i € T and o;, Fu;(of|TI(w)) > Eu;(o;|TI(w)), then choosing o* is
the best response for all players at w. However, s(w) # ¢* might be hold. That
is, 0 might not be salient strategy at true state w. See Example B.

Notably, this remark does not suggest that ¢* is a focal point. Moreover,
o* may not be a salient strategy. That is, the remark suggests that each player
may ignore beliefs about their opponents’ salient strategies when there is no
focal point or no common knowledge about salience. In Example B, both players
consider the salient strategies of their opponents when calculating their expected
utilities, but they are merely acting to maximize their own expected utility. Even
if the true state is wo, they ignore the fact that (ag,bs) is a salient strategy for
Bob.

4 u-Focal Points

Aumann and Brandenburger (1995) discuss an epistemic condition for playing
a Nash equilibrium. They model an interactive belief system in which the
state space describes the strategies each player chooses. One of their results
shows that if each player is rational, knows their own utility function and the
others’ strategy choices, then the players choose a pure Nash equilibrium. This
suggests that mutual knowledge of the pure Nash equilibrium is not necessary.
By contrast, in our model, salient strategies are defined using Nash equilibria.

Let us now consider a pure Nash equilibrium from Aumann and Branden-
burger (1995) in the context of our model.

Example 3 (Aumann and Brandenburger (1995)). Consider two players, Rowena
(R) and Colin (C) who face off in a coordination game G = ({R, C},{ARr, Ac},{ur,uc}),
where Ap = {C, D} and A¢ = {¢,d}. Let us define the payoff matrix as shown
in Table B.
Now, let Q = {wi}x=1,...9, and let us define probabilities as follows:
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Table 3: A coordination game based on Aumann and Brandenburger (1995).

(wr) = pi(ws) = pa(ws) = pi(ws) = pa(ws) = p(wg) = 1, and
(ws) = p(ws) = plwr) = 0.
Suppose Rowena’s partition of the state space is
g = {{w1, w2, w3}, {ws, ws,we }, {wr,ws,wo } },
and Colin’s partition of the state space is
Do = {{w1,wa,wr}, {wa, ws, ws }, {ws, we, wo } }-

Then, the meet of their partitions is ﬂ(wk) =Qforallk=1,...,9.
Next, we define partitions of the strategy set. Let P = { ), Po, P3, P4},
where &1 = {{(C, ¢)}, {others}}, P2 = {{(C,d)}, {others}}, P35 = {{(D,c)}, {others}},
and &y = {{(D,d)}, {others}}. Moreover, their focus functions are defined as
follows:

mi(w1) = 21,

mi(w2) = mi(w3) = Pa,

ﬂ-i((JJ4) = 7T1'(LU7) = :@3, and

7ri(w5) = Wi(wes) = Wz(ws) = 7T¢(w9) =Y

where i = A, B.

In this example, the salient strategies are as follows: s(w1) = (C,¢), s(ws) =
s(wg) = s(ws) = s(wg) = (D, d), and s(w) = ¢ otherwise. However, there are
no focal points because any Nash equilibrium o* satisfies II(w)  [0*]*.

In this example, can Roewna and Colin play a unique equilibrium? The
answer is yes, if wg is the true state. At wg, we have:

s |TTR(w)) = 1.
o |r (o)) = 3,
(oI (wo)) = &, and
o T (we)) = 1.
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Aumann and Brandenburger (1995) suggest that Rowena knows Colin will
choose d, and Colin knows Rowena will choose D at wg. This is because Rowena
assigns a posterior probability of 1 to Colin choosing d, while Colin assigns a
posterior probability of 1 to Rowena choosing D. Consequently, they play the
strategy pair (D, d).

In contrast, in our context, although (D, d) is not a focal point at wy, both
players assign posterior probability 1 to a salient strategy for both of them,
namely (D, d). Therefore, they play the same strategy pair. OJ

At first glance, (D, d) might appear to be a focal point at wg. That is, a
definition of a focal point might only require mutual knowledge of a salient
strategy. However, we cannot define a focal point based solely on mutual
knowledge. If so, let us assume that focal point is defined as for any player
i I;(w) C [0*]°. In Example B, IIz(wg) = {wr,ws,wo}, which is not a subset
of [(D,d)]* = {ws,we,ws,wg}. Similarly, IIc(wg) = {ws,ws,we}, which is not
a subset of [(D,d)]*. Therefore, we need a different definition of a focal point
that incorporates posterior probabilities.

We posit u-focal point as follows.

Definition 7. In T' = (G,5¢), o* is a p-focal point at w if and only if
p([o*]*|1L;(w)) = 1 for any player i.

This definition implies that a p-focal point assigns a posterior probability
of 1 to each player that a particular strategy, o¢*, is salient for all players.
At this point, the salience of ¢* may not necessarily be mutual knowledge.
Nevertheless, each player is certain that o* is salient to the other player, i.e., they
are certain that “the other player is focusing on ¢*.” This captures an essential
characteristic of a focal point. Notably, players do not need to know whether
the other player believes that they themselves are focusing on ¢*. Therefore,
higher-order beliefs are not required.

This definition allows for the possibility that s(w) = ¢, even if there is a
p-focal point at w. In that case, there exists some w’ € II;(w) for any ¢ such
that w’ # w, and s(w’) is a p-focal point.

The following lemma and corollary obviously hold:

Lemma 1. In I' = (G, ), suppose u([s(w)]*|Il;(w)) = 1 for any 7. Then,
s(w) # ¢ if and only if s(w) is a p-focal point.

Proof. Suppose p([$(w)]®|IL;(w)) =1 for any i. First, suppose s(w) # ¢. Then,
there exists a Nash equilibrium strategy, o* € NE, such that s(w) = o*. There-
fore, u([o*]*|IL;(w)) = 1, meaning that o* = s(w) is a p-focal point.

Next, suppose s(w) = ¢. That is, there is no strategy o* such that s(w) = o*.
Hence, for all o* € M, u([o*]*|IL;(w)) # 1. Thus, there is no p-focal point, and
s(w) is not p-focal point. O

Corollary 1. In any I" = (G, #2), suppose that there exists a common prior y
on €2 and that each player’s partition on 2 is common knowledge. Given w, sup-
pose s(w) # ¢. For any ¢ and w’ € II;(w) (s(w) # s(w')), if p([s(w")]*|1;(w)) =
0, then s(w) is a u-focal point.
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In Example B, at wy, since [(D, d)]* = {ws, wg, ws, wy }, we have:

w([(D, d)]* N1Ix(wo))

(D, d)]* |l g(wg)) = (T (w0) =1, and
s (D, @) Nnllg(we))
p([(D, d)]* e (ws)) = (Mo (ws)) =1

Thus, (D, d) is a p-focal point at wy.
Every focal point is obviously p-focal point.

Remark 5. Definition B implies Definition [.
The following theorem is straightforward.

Theorem 3. In any I' = (G, ), suppose there exists a common prior y on €
and that each player’s partition on €2 is common knowledge. If o* is a u-focal
point at w, then choosing ¢* is the best response for all players at w.

*

Proof. Suppose o* is a p-focal point, meaning p([o*]*|1;(w)) = 1. Then, for
any w € ILi(w) \ [0*]%, p(w'[I;(w)) = 0. Now, we can caluclate i’s expected
utility for any o; € M as follows:

Eui(of|E) = Y wwLiw))- Buioso-i(s(s))
w’ €Il (w)

= Y W) Bui(oo-i(s(w)
w’ €[+

+ S (W) - Bui(oi,o_i(s(w'))

w'eli(w)\[o*]*

= Z (W' [ (w)) - Bug(os, 0" ;)
w’'E[o*]*
= ulo"PILw)) - Busloi, o)

= Fu;(o4,0%;).

Hence, for any i € I and 0; € M, Eu, (0 |1;(w)) = Eui(of,0*,) > Eui(o;,0%,;) =
Eui(oi|l1;(w)). O

Theorem B is similar to Theorem B in Aumann and Brandenburger (1995).
Theorem B demonstrates that in a game-theoretic context involving three or
more players, assuming a common prior over the state space and common knowl-
edge of each player’s conjecture about others’ strategies results in a mixed-
strategy Nash equilibrium. In contrast, our Theorem B assumes a common
prior over the state space that represents which strategies each player perceives
as salient. The key point here is whether the p-focal point corresponds to each
player’s conjecture in Aumann and Brandenburger’s Theorem B. The conjecture
in Aumann and Brandenburger (1995) is a probability distribution over the set
of strategies of other players. On the other hand, the p-focal point represents
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the posterior probability that a particular Nash equilibrium is salient to the
other players, which is somewhat analogous to a conjecture. However, even in
cases involving mixed strategies, this posterior probability does not need to be
common knowledge. As illustrated in Example B, if the posterior probability is
required to be common knowledge, the only event that is common knowledge
is the entire state space 2. Consequently, when the true state is wg, the poste-
rior probability assigned to the p-focal point is no longer 1, preventing players
from focusing on a specific strategy. In contrast, Example 5.2 in Aumann and
Brandenburger (1995) provides a counterexample where relaxing the common
knowledge assumption of conjectures leads to the failure of a (mixed-strategy)
Nash equilibrium. Therefore, the u-focal point is distinct from the concept of a
conjecture, and the two theorems are different.

5 Concluding Remarks

In this study, we distinguish two notions of focal points: focal points based on
common knowledge of a salient strategy and u-focal points based on posterior
probabilities. Both notions reflect beliefs about which strategies opponents fo-
cus on. However, since the former requires common knowledge about a salient
strategy, it cannot represent a case in Aumann and Brandenburger’s (1995) co-
ordination game. Hence, another notion of focal points that does not require
common knowledge or mutual knowledge is needed, which is why we propose
pu-focal points. At first glance, Theorem B appears similar to Theorem B in Au-
mann and Brandenburger (1995). However, since the u-focal point is a different
notion from players’ conjectures about opponents’ strategies, the two theorems
are distinct.

This approach shares similarities with variable frame theory, as proposed
by Bacharach (1993), Bacharach and Bernasconi (1997), Bacharach and Stahl
(2000), Casajus (2000), Janssen (2001), Alés-Ferrer and Kuzmics (2013), and
Charness and Sontuoso (2023). Casajus (2000)and Janssen (2001) discuss focal
points and the playing of a unique equilibrium based on variable frame theory.
However, while variable frame theory focuses on the symmetry structure of the
game and seeks to formulate the focal point as a symmetric equilibrium, our
approach differs in that it disregards the symmetry structure and instead at-
tempts to directly formulate the focal point from the state space. This difference
fundamentally reflects whether the model is designed for prior belief formation
or assumes a setting where prior belief formation has already been completed.

In the future, the connection between our model and the discussions in
variable frame theory will need to be explored. This will require examining
not only the mathematical perspective but also the philosophical implications
of how the symmetry structure in variable frame theory manifests in our model
and what role the concept of frames plays in the formulation of focal points.
These issues remain as future research challenges.
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