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Abstract

An elementary analysis is developed to determine the stability region
of certain classes of ordinary differential equations with two delays. Our
analysis is based on determining stability switches first where an eigen-
value is pure complex, and then checking the conditions for stability loss
or stability gain. In the cases of both stability losses and stability gains
Hopf bifurcation occurs giving the possibility of the birth of limit cycles.

1 Introduction

Delay differential equations have many applications in quantitative sciences in-
cluding economics, biology, engineering among others. The single delay case is
well established in the literature (Hayes, 1950, Matsumoto and Szidarovszky,
2013), however the presence of a second delay makes the models much more
complicated. The works of Hale (1979) and Hale and Huang (1993) can be
considered as major contributions. Matsumoto and Szidarovszky (2012) devel-
oped a simple analytic method, which is limited to examine only some special
model variants. Gu et al. (2005) developed a geometric approach applicable for
analyzing a more general class of models.

In this paper two particular models are examined and the two major ap-
proaches illustrated. A brief simulation study illustrates the theoretical find-
ings.

2 DModel 1
We will first examine the asymptotical stability of the delay differential equation
z(t) + Az(t — 6) + Bx(t —n) =0 (1)

where A and B are positive constants. The characteristic equation can be ob-
tained by looking for the solution in the exponential form ae*. By substitution,

areM + Aae*t=9 4+ Baert=1 =



or

A Ae™® 4 Be™ M = 0. (2)
Introduce the new variables
w= 7A l—w= B A= 7)\
A+ DB’ A+B’"  A+B

71 =6(A+ B) and v, =n(A + B)
to reduce equation (2) to the following:
A +we™M 4 (1 —w)e ™2 =0, (3)

Because of symmetry we can assume that w > 1/2. In order to find the stability
region in the (74, v4) plane we will first characterize the cases when an eigenvalue
is pure complex, that is, when A\ = iv. We can assume that v > 0, since if ) is
an eigenvalue, its complex conjugate is also an eigenvalue. Substituting A = iv
into equation (3) we have

v+ weT N 4 (1 —w)e” W72 = 0.
If there is no delay, then v, = v, = 0 and equation (3) becomes
A+1=0

with a negative eigenvalue A = —1, so the system is asymptotically stable.
In the special case of v; = 0, the equation becomes

v+ w4 (1 —w)e 72 = 0.
The real and imaginary parts imply that
w4 (1 —w)cos(vyy) =0
v — (1 —w)sin(vyy) = 0.
We can assume first w > 1/2, so from the first equation

w
COS(U’YQ) = *m < -1

so no stability switch is possible. If w = 1/2, then
cos(vyy) = —1

implying that sin(vvy,) = 0 and so v = 0 showing that there is no pure complex
root. Hence for v; = 0 the system is asymptotically stable with all v4 > 0.
Assume now that v; > 0, 75, > 0. The real and imaginary parts give two
equations:
weos(vyy) + (1 —w)cos(vyy) =0 (4)



and
v —wsin(vy;) — (1 — w)sin(vy,) = 0. (5)

We consider the case of w > 1/2 first and the symmetric case of w = 1/2 will
be discussed later. Introduce the variables

x = sin(vy,) and y = sin(v7y,),
then (4) implies that
W (1-a%) = (1-w?(1 -y
or
—22? (1 —w)y? =1-2w. (6)

From (5),
v—wr—(l-w)y=0

implying that
U — Wx

l-w
Combining (6) and (7) yields

2
—w?2? + (1 - w)? (U—wx) =1-2w

from which we can conclude that

v 4+2w—1
2 = - 8
o 20w ®)
and then from (7),
v —2w+1
= — . 9
Y 20(1 —w) ©)

Equations (8) and (9) provide a parameterized curve in the (v;,7,) plane:

. V2420 —1 . v —2w+1
Sln(’U’Yl) = T and SIH(U’}/Q) = m (10)
In order to guarantee feasibility we have to satisfy
v 42w —1
1< — <1 11
- 2uw - (11)
and )
-2 1
< v ow+l1 < (12)
20(1 — w)

Simple calculation shows that with w > 1/2 these relations hold if and only if

2w—1<v<1.



From (10) we have four cases for v, and ~,, since

1 2420 —1
=t {Sml <v+w) N Q,W}
) 20w

1 242w—1
V== {77 —sin™?! (11-!—60) + 2k‘71'} (k=0,1,2,..)

or

v 20w
1. 4 v2—2w+1 4o
= —<{sin —_— nmw
2Ty 20(1 —w)

1 (v —2wH1
o=t -t (G2 ) anr ) (0=0.1,20,

and similarly

or

However from (4) we can see that cos(vy;) and cos(v7y,) must have different
signs, so we have only two possibilities:

1 Zrow—1
v = - {Sin_l <U+W) + Qkﬂ'}
v 2vw
Ly(k,n): , (13)
72:1 P Pl (i —w Al + 2nm
v 20(1 —w)
and )
1 2w—-1
v =— {71' —sin~? <w> + Zkﬂ'}
v 2uw
Lo(k,n) : , (14)
v :l sin~! vowtl + 2nm
27w 2v(1 — w)

For each v € [2w — 1, 1] these equations determine the values of v; and v,. At
the initial point v = 2w — 1, we have

2 2w — 1 2 _
v+ 2w zlandv 2w—i—1:_1
2uw 20(1 — w)
and if v = 1, then
2row—1 22 1
vl o ad Lo
2uw 20(1 — w)

Therefore the starting point and end point of L (k,n) are given as

s 1 s s 1 37
’Yl (* —+ 2]177'(') s ’}/2 = 2(*}7_1 < + 2mr>

T ow—1\2 2

and - -
i = §+2k7r and 7§ = §+2n7r.



Similarly, the starting and end points of La(k,n) are as follows:

1 T 1 s
S S
= —+2 ), _—<——+2 7r)
T 2w —1 (2 k) v 2w —1 2 "

and - -
F = §—|—2k7r and ¥ = §+2n7r.

With fixed value of k, Ly (k,n) and Lo(k,n) have the same end point, however
the starting point of L;(k,n) is the same as that of Ls(k,n + 1). Therefore
the segments Lq(k,n) and La(k,n) with fixed k form a continuous curve with
n =0,1,2,.... They are shown in Figure 1 for £ = 0. The curves L;(0,n) are
shown in red color and curves Ly(0,n) are given in blue.

Figure 1. Partition curve in the (v4,7,) plane with
fixing k = 0.

Consider first the segment L;(k,n). Since (v? —2w+1) /(20(1 — w)) is
strictly increasing in v, v, is strictly decreasing in v. By differentiation

o

ov = — 4 (vy; + tan(vyy)) - (15)

Ly
Consider next segment Lqo(k,n), similarly to (15) we can shown that

o

1
L = oy + tan(eny))

Lo
which is the same as in L;(k,n), since from (14), cos(vy;) < 0. Similarly

97,

2| = (o + tan(om)) (16)

Lo



where we used again equation (4).

We will next examine the directions of the stability switches on the different
segments of the curves L (k,n) and La(k,n). We fix the value of v, and select v,
as the bifurcation parameter, so the eigenvalues are functions of v; : A = A(74).
By differentiating the characteristic equation (3) implicitly with respect to v, we
have

3 dj\ - 3 dj\

Ay Ay

— Fwe M (——7; - A+ (1 —w)e 2(—7)—0
ll ( l171 ) ( ) 2

implying that B B .
ax Awe ™
dyr 1wy e — (1= w)ype e

(17)

From the characteristic equation we have

(1-— w)eih? = —X—we M,
S0 _ - .
ﬂ B Awe M
dy; 14+ My +wly, —71)e
If A = iv, then

ﬂ B ivw(cos(vyy) — isin(vyy))
dyy  1+ivyy +w(yy —71)(cos(vyy) —isin(vyy))

and the real part of this expression has the same sign as

vwsin(uy)[1+w(yy = 71) cos(vy,)] + vw cos(vy)[vyy —w(v2 = 71) sin(vyy)]
= vw [sin(vyy) + vy, cos(vyy)]

Hence

Re (ﬁ) = 0 if and only if sin(vy,) 4 vy, cos(vy,) E 0
Consider first the case of crossing any segment Lq(k,n) from the left. Here
vy, € (0,7/2], so both sin(vy,) and cos(v7y,) are positive. Hence stability is
lost everywhere on any segment of L (k,n). Consider the case when crossing the
segments of Lo(k,n) from the left. Stability is lost when ~y, increases in v and
stability is gained when ~, decreases in v. At all intersections with L (k,n)
and Ls(k,n) Hopf bifurcation occurs giving the possibility of the birth of limit
cycles.

We can also show that at any intersection with Li(k,n) or Lo(k,n) the
complex root is single. Otherwise A\ = iv would satisfy both equations

A we™ M 4 (1 —w)e ™2 =0

and
1-— uwle*)‘“’l -(1- u})’ygtf/w2 =0,



from which we have

L+ Ay and e—M2 — —1-Xy

A7 —
‘ (71— Yo)w (71 —=72) (1 —w)’

By substituting A = iv and comparing the real and imaginary parts yield

sin(vy;) + 075 cos(uUy) = sin(v7,) + V7, cos(vy,) = 0.

Therefore this intersection is at an extremum in v of a segment L;(k,n) and
also at an extremum of a segment Ly(k,7) which is impossible.
Assume next that w = 1/2. Then equations (4) and (5) imply that

cos(vy;) + cos(vyy) =0
v — 1 (sin(vy,) + sin(vy,)) =0
and the curves Lq(k,n) and Ly(k,n) are simplified as follows:
v, = — (sin™!(v) + 2k)

Ly(k,n) : (18)
(m —sin~"(v) + 2n7)

S| =

S| =

Y2 =

and

S| =

71 = = (7 —sin”"(v) + 2kn)
Lo(k,n) : X (19)
T2 = (sin™"(v) + 2nm) .

The stability switching curves are shown in Figure 2 in which the stability region



is the gray area.
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Figure 2. Partition curve in the (v,75) plane with
w=1
3 Model 2
Next, we consider equation
&(t) + ax(t) — bx(t — ) — cx(t —n) = 0. (20)

Here a,b,c > 0 and b < 1, ¢ < a. Similarly to the previous model it is easy
to prove that the system is stable without delays and also with a single delay,
when either § = 0, n = 0 or 6 = 1. The corresponding characteristic equation is

obtained by substituting an exponential solution, z(t) = e Mu,

Aa—bre ™ —ce™™ =0, (21)

Dividing its both sides by a + A and introducing the new functions,

b\ c
) = — d as(\) = —
ai(A) P az(A) PN
simplify equation (21),
a(\) =1+a1(Ne  +as(N)e ™ = 0. (22)



The terms of this function are shown in Figure 3.

Im
a(iw)e ™ a, (iw)e %
) 6,
2 1 Re
Figure 3. Triangle formed by 1, |a1(iw)| and
|az(iw))|

Suppose that A = iw with w > 0, then

‘ buw? . abw
a(iw) = @ tw? a2 (23)
and ( . ) - ac + . CW (24)
ag\ W) = a2+w2 la2+w2.

Their absolute values are
bw c
a1 (iw)| = ——= and |az(iw)| = ——
and their arguments are
. _1/a . 1 (W
arg(aq (iw)) = tan (—) + 7 and arg(as(iw)) = 7 — tan (—) .
w a
The triangle can be above the real line and also under the real line. In the two
cases the following relations hold for angles 6, and 65:
arg (a1 (iw)) — dw £ 01, = 7+ 2nw (25)
and
arg (az(iw)) —nw F Oy = 7 + 2m7 (26)

In a triangle consisting of three line segments, the length of the sum of any
two adjacent line segments is not shorter than the length of the remaining line
segment,

1 < ay (iw)] + laz(iw)],

a1 (iw)] <1+ ag(iw)],



and
|laz(iw)| < 1+ [a1(iw)] .

Substituting the absolute values renders these three conditions to the following

two conditions,
fw)=(1-0*)w? —2bcw +a* —c* <0

and
g(w) = (1 = b*)w? + 2bcw + a? — 2 > 0.

Both f(w) and g(w) have the same discriminant,
D = 4[c* — a*(1 - b?)).

In the following we draw attention to the case of D > 0, otherwise f(w) > 0 for
all w implying no stability switch. Solving g(w) = 0 gives the solutions

—bec+ /% —a?(1 —b?)
Wo =

1— 52 1-02

and so does solving f(w) =0,

be — \/c? —a?(1 —b?) be+ /2 —a?(1 —b?)
- and wy = = .

w3 =

Since both w; and ws are negative and both w3 and w4 are positive, the two
conditions, f(w) <0 and g(w) > 0, are satisfied when w is in interval [w3,ws].

The internal angles, 61 and 05, of the triangle in Figure 3 can be calculated
by the law of cosine as

2+(1+b2)w2—02>
0 — -1 (@ 27
@) = cos ( L (27)

and

L (ad®+ (1 = bw? + 2
f2(w) = cos 1( 2(cx/cﬁ)c02 > (28)

Solving equations (25) and (26) for 6 and 7 yields
1 a
+ _ -1 _
6% (w, k) = - [tan (;) +m+ (2k 1)7T:|:91(w)} .

and
nt(w, k) = % [— tan™! (%) +7+2n -7 F 62(&)):| ,

so we have again two stability switching curves with fixed values of k and n,
Ll(k7 Tl) = {5+(Wv k)a 777(% Tl)}

and
LQ(k7 n) = {67 (("')7 k)’ 77+(w7 n)}

10



They are shown in Figure 4 for the case of K = n = 1. They have the same
initial point S and arrive at the same end point F as w increases from wj3 to
wy. With fixed 7 = n° by increasing the value of §, stability is lost at point A
and regained at point B. These curves are shifted to the right by increasing the
value of k and up by increasing the value of n.

5}
Figure 4. Partition curve with £ = 1 and
n=1

4 Simulations

In the first case, Figure 5(A) shows the six cigar-shaped domains obtained for
k=0,1,2,3,4,5 and n = 1 and their lower parts are colored in yellow. We
fix n = 1 and increase ¢ from 1 to 4 along the dotted horizontal line. The
system is stable until § = ¢, when stability is lost. It is regained at 6 = 65 and
system remains stable until 6 = §3 where stability is lost, and regained again at
6 = b4, and so on. So stability is lost at points 61, 83, 65 and §7 and stability is
regained at points 82, 64 and 6. The bifurcation diagram shown in Figure 5(B)

11



well demonstrates these observations.

L5 i H H H
/\:i /\\ i /
. I 1
CI I 1
ospi i i
R e
g : : _pa L i : i
23 Oy 6 4y Oy ds G507
s §
(A) Partition curves (B) Bifurcation diagram

Figure 5. Stability switches with n =1

In the second simulation we illustrate the curves L (k,n) and La(k, n) for k =
0,1,...,8and n = 1,2, 3,4 in Figure 6(A). The yellow domains are surrounded by
Li(k,1) and Lo(k, 1), which are the same as in Figure 5(A). The green regions
are surrounded by Lj(k,2) and Lo(k,2), and the orange and blue regions by
Ly(k,3) and Lo(k,3) and by Li(k,4) and Ly(k,4), respectively. The value of
n = 2 is now selected. The dotted horizontal line crosses the stability switching
curves many times, but not all intersections are stability switches. For example,
between 6; and 5 the system is unstable regardless of several intersections
between them. At § = 6o stability is regained, and lost again at § = 63. The
bifurcation diagram shown in Figure 6(B) well illustrates these findings.

Let (6,n) be any point in the positive quadrant and not on the stability
switching curves and consider the line segment connecting points (0,7) and
(6,m). Let L be the number of intersections of this segment with the stability
switching curves with stability loss and G the number of intersections with
stability gain. The system is stable for (§,n) if G > L, otherwise unstable.

12
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(A) Partion curves (B) Bifurcation diagram

Figure 6. Stability switches with n = 2

5 Conclusions

Two particular engineering models were examined. Both are first order ordinary
differential equations with two delays. The stability switching curves were first
determined where an eigenvalue is pure complex, and then the stability and
instability regions were demonstrated. In the first case an elementary analytic
approach was used, and in the second case a geometric approach was shown.
This approach could be also used for solving the first model as well, however
the more simple analytic approach cannot be used for the second model without
major changes.
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